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11.1 ¼ê`z

11.1.1 `̀̀zzz¯̄̄KKK½½½ÂÂÂ

lêÆ��Ý5w§`zÒ´3÷v�½��^��cJe§é8I¼

ê¦)���½ö����L§"P f (x)�8I¼ê£·�=�ÄIþ¼ê
�¹§ù�´ÅìÆS¥�~��`z?Ö¤§x�¤kCþ|¤��þ£é
AÅìÆS?Ö¥��.ëê¤§K`z¯K�±L«¤Xe/ªµ

min
x∈Rn

f (x)

ci(x) = 0, i ∈ E

ci(x)≥ 0, i ∈I ,

Ù¥§{ci(x) = 0; i ∈ E }´�ª�å^�§{ci(x)≥ 0, i ∈I }´Ø��å^�§
EÚI©O´�ª�å8ÚØ�ª�å8"þª/ªþ´����å�`z

¯K§Ã�å`z¯K�±@�´E = I = /0�A~"

±����8I¼ê�~§�µ

f (x) = min
x1,x2

(x1−2)2 +(x2−1)2

x2− x2
1 ≥ 0

−x1− x2 ≥ 2,

T`z¯KXã 11.1¤«§Ù¥ü��å>.��:x∗´�`)"

11.1.2 `̀̀zzz¯̄̄KKK©©©aaa

� f (x)�5�Ú�å^��A:§·��±ò`z?Ö{ü©�XeA
aµ

• lÑ`zÚëY`z"XJ f (x)¥Cþx����U´�
lÑ�:§K
¡T`z?Ö�lÑ`z¶XJx�±3��«�SëY��§K¡T?
Ö�ëY`z"lÑ`z¥�Ì�¯K´�x��ÝL��¬�)|Ü�
¿§Ïd��æ^æ�{¦)"ëY`z�6 f (x)�AÛ5�§AO´F



11.1 ¼ê`z xxix

Fig. 11.1 ����å���¼ê`z¯K" f (x) = min
x1,x2

(x1− 2)2 +(x2− 1)2´�`z¼ê§

Ù�����|Ó%�¶c1 : x2−x2
1 ≥ 0Úc2 :−x1−x2 ≥ 2´ü�Ø��å"ã¥�ÒK«

�´dùü��å����{«�"��§x∗´÷vü��å�¦ f (x)������`
)"ã¡5
u [8]"

ÝÚ­Ç&E§��ÏLS�|¢Ïé`z)"�Ù=?ØëY`z¯

K§ÅìÆSpý�Ü©`z?Öáuù�a"

• Ã�å`zÚ��å`z"Xc¤ã§`z?Ö¥XJØ��å^�§¡
�Ã�å`z§ÄK¡���å`z"ùü«`z?ÖkU,éX§��

5`·�F"ò��å`zÏL,«C�=z¤Ã�å`z§2�Ã�å

`z�{?1¦)"�ÙÄk?ØÃ�å`z¯K§,�?Øü«;.�

��å`z�{µ��5y£Linear Programming¤Ú��5y£Quadratic

Programming¤§��*Ð�����å`z¯K"

• �Û`zÚÛÜ`z"�Û`z´�é� f (x)��Û�`:§ù3ý�õ
ê�¹e´éJ¢y�"ù´Ï�ÅìÆS?Ö¥�8I¼ê f (x)��k
õ�4�:§�Cþx�Ý�~p§éJl¯õ4�:¥é��Û�`)"
Ïd§ý�õê`z�{�'5ÛÜ`z"�Ù·�Ì�?ØÛÜ`z�

{"

• à`zÚ�à`z"XJ f (x)�k��4�:§K¡ f (x)�à¼ê£�4
�´����´���§�k�U´]¼ê¤"éà¼ê�`z¯K¡�

à`z§ÄK��à`z"Ï�à¼ê�k��4�:§ÏdÛÜ�`)

=´�Û�`)"ý�õê?Ö¥ f (x)´�à�§Ïdà`z�{Ã{�
�A^",
§·�o�±3�c)���Sé���à¼êm(x)5Cq
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3T:?� f (x)§l
|^à`z�{¦)"ù´éõ­�`z�{�Ä
�g´§XSGD§Newton§Quasi-Newton, SQP�"

nþ¤ã§·��?Ø��ò�½3ëY�!�à�!ÛÜ�`z?

Ö"3ØAO�²�§·�òb�8I¼êäk?¿��ê§�ù
�ê´

ëY�"AO�§·�b�`z?Ö´Ïé f (x)�ÛÜ���"é¦ÛÜ�
���`z?Ö§�ÏLé8I¼ê�K�òÙ=z¤¦ÛÜ����`z

?Ö§=µ

min
x

f (x) = max
x
{− f (x)}.

11.1.3 ÄÄÄ:::½½½nnn

·�Äk0�A^3¼ê`z?Ö¥²~^��Ä:½n"ù
½n´

·��Y?Ø¤k`z�{�Ä:"ù
½n�y²�l?Û���È©�

�Ö¥�� [9]"

�V½n � f (x)´Rn→ R���ëY��¼ê§x0 ∈ Rn�Ù½Â�þ�?

¿�:§Kokt ∈ (0,1)¦�eª¤áµ

f (x0 +p) = f (x0)+pT
∇ f (x0 + tp) (11.1)

∇ f (x0 +p) = ∇ f (x0)+
∫ 1

0
∇

2 f (x0 + tp)pdt (11.2)

f (x0 +p) = f (x0)+∇ f (x0)
Tp+

1
2

pT
∇

2 f (x0 + tp)p, (11.3)

Ù¥∇ f (xk)=∇ f |xk ∈Rn´ f (x)3xk:�FÝ, ∇2 f (xk)=∇2 f |xk ∈Rn×n´ f (x)3xk:

�HessianÝ
"

��7�^� XJ8I¼ê f (x)3x∗�,���S´��ëY���§@
ox∗´ÛÜ4��7�^�´∇ f (x∗) = 0"

��¿�^� XJ8I¼ê f (x)3x∗�,�+�S´��ëY���§@
ox∗´ÛÜ4���¿©7�^�´∇ f (x∗) = 0�∇2 f (x∗)´�½�"
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11.2 Ã�å`z¯K

Ã�å`z¯KØ�Ä�å^�§é f (x)?1Ã��`z"é�õê¢
S¯K§ù�`z´vk4ª)�§Ïd�Ü©�{æ^S�¦){µ�

½��Ð©)x0§,�ÏL)¤��)S�x1,x2, ...Åì%CÛÜ�`"�

Ü©S��{�©�üaµ�5|¢£Line Search¤Ú�&�`z£Trust

Region¤"�5|¢Äk(½��Ün�|¢��§2ÄuT��|¢�`

)¶�&�`zÄk�O��ÛÜCq¼êm(x)§¦T¼ê3�c)�,�
��£¡��&�¤S±v
�°ÝCq f (x)"¦m(x)3T�&�S�`z
)=��¦ f (x)�`�)"

11.2.1 ���555|||¢¢¢

3�5|¢¥§Äkl�c �xk(½����pk§¦�8I¼ê3ù

���þk���¼ê�§,�3ù���þ?1|¢§(½Ú�αk§¦�

�pk��rLαk ����xk+1÷v f (xk+1) ≤ f (xk)"�5|¢�S�L§�

/ªzXeµ

xk+1 = xk +αkpk. (11.4)

11.2.1.1 FÝeü

FÝeü{£Gradient Descend§GD¤´�{ü§�´A^�2���

5|¢�{"��V½n���Cq��µ

f (xk+1)− f (xk) = f (xk +αkpk)− f (xk)≈ αkpT
k ∇ fk,

Ù¥·�ò∇ f (xk){�� fk"dþª��§3��Cqb�e§é��(½

�αk§��pk�∇ fkÓ���8I¼ê��eü��"ù�(Ø´FÝeü

{�Ä:"3ù��{¥§Äk(½ f (x)3�c:xk �FÝ§2÷FÝ��

|¢�`Ú�αk§¿ò`z)�#�xk +αkpk"

XJkv
�O�]
§�^��Ú�÷pk��}ÁO� f (xk +αkpk)§

��é�¦T8I¼ê���αk��"ù«|¢��'�Ñ�§Ïdý

�Ü©GD�{Ñ¬<�(½��αk"�{ü��{´�O���S�4
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~�¼ê£Xαk = 1/k¤§3|¢ÐÏÀJ���Ú�±\¯|¢�Ý§�

|¢ÅìÂñ�~�Ú�±(½°[)"��±òαk��,�½�§�

� f (xk +αkpk) > f (xk)"ù¿�X|¢�U®²?\ÛÜ�`�NC§I�

éαk?1N�£X~�¤±·AÂñ�¦"

3¢S?Ö¥§éu�
�~E,�¯K§O�8I¼ê�FÝ¿ØN

´"�«�{´éFÝ�CqO�§�������´¦8I¼êeü��

�=�"Xã 11.2¤«§=¦pk�∇ fkØ��Ó�§�pk����5|¢�

,�±ü$8I¼ê��"

Fig. 11.2 �FÝ����5|¢"=+pk £7Úü �þ¤�FÝ∇ fk£ùÚ�þ¤��

Ø���Ó§÷pk��|¢�,�¦ f (xk+1)< f (xk)"

11.2.1.2 Úî{

Úî{£Newton Method¤´,�«~^��5|¢�{§ù��{�

Ì�A:´�±|^8I¼ê���­Ç&EgÄ��|¢�Ú�"�8I

¼ê f (x)��g�VÐmªµ

f (xk +p)≈ f (xk)+pT
k ∇ fk +

1
2

pT
∇

2 fkp. (11.5)

Pþªmý�Cq¼ê�mk(p)µ

mk(p) = f (xk)+pT
∇ fk +

1
2

pT
∇

2 fkp.
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5¿mk(p)´����à¼ê§XJ∇2 fk´�½�§KTCq¼ê�4��

÷vµ

∇mk = ∇ fk +∇
2 fkp = 0,

Ï
kµ

p =−(∇2 fk)
−1

∇ fk. (11.6)

dd·���Úî{�S�úªXeµ

xk+1 = xk +pk = xk− (∇2 fk)
−1

∇ fk. (11.7)

5¿þª¥·�¿vkò £pk©¤��ÚÚ�§
´��O�Ñ
§��

¦È§ù4�;�
FÝeü�{¥I�<��½Ú��(J"Ú4Ýeü

{�'§Úî{��u3�5FÝ��þ�­Ç�
Ú�N�"�
n)ù

�:§·�b�HessianÝ
∇2 fk´é��§XJ f (x)3,��I¶��­Ç
'��§K∇2 fk¥éAuT�I¶�é�������¶��§XJ3,�

�I¶���­Ç'��§K∇2 fk¥éAuT�I¶�é�������"

dª 11.7��§,��I¶����#Ú��HessianÝ
¥�Aé����

�ê"Ïd§é­Ç�p���§�#Ú�¬gÄ~�§l
;�3p­Ç

��ÏÚ�L������¶��§XJ3,���­Ç'��§K3T�

��Ú�¬gÄN�§l
;�3$­Ç��ÏÚ�L�����#�ú"

5¿�´§þãÚî{�í�L§|^
8I¼ê���Cq"�ù�

CqØ�Ø��§|^úª 11.7ò��éÐ��O"¯¢þ§XJ∇2 fk´²

w�§mk(p)� f (xk +p)�Ø�==´O(||p||3),Ïd�p��'����O�
´é°(�",
§duúª 11.6¥p´���Ñ5�§¿ØU�y§��
´���þ"¯¢þ§p��'��§KÚî{�U¬�)��Ø�"��
�ù�Ø��5�Ø°(5§�±ép?1·�N!§X3pþ¦±���þ
Ïfαk"

11.2.1.3 [Úî{

Úî{Âñ�Ý¯§�gÄ(½Ú�§3éõ¢SA^¥´n��`z

�{"ù��{�`³3u|^
 f (x)���&E§=HessianÝ
∇2 fk",


§O�ù�Ý
é�õê?Ö5`Ñ´�~(J�"�
¿©|^��&
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E§Ó�qU~�O�þ§ïÄö�JÑ
éõ�{5CqHessianÝ
§ù


�{¡�[Úî{£Quasi-Newtown¤"

�â�V½n��:

∇ f (xk+1)=∇ f (xk+pk)=∇ f (xk)+∇
2 f (xk)pk+

∫ 1

0
[∇2 f (xk+tpk)−∇

2 f (xk)]pkdt,

Ù¥:

∫ 1

0
[∇2 f (xk + tpk)−∇

2 f (xk)]pkdt = o(||pk||1).

Ï
k:

∇ fk+1 = ∇ fk +∇
2 fkpk +o(||pk||1),

�n�µ

∇
2 fkpk ≈ ∇ f (xk+1)−∇ f (xk),

5¿∇2 fk´xk? f (x)�HessianÝ
§P�Hk"þªL²Hk�c�ügFÝ�

�k��'X"dd§·�F"é���Hk�CqÝ
Bk+1§¦ÙäkÚþ

ªÓ��'Xµ

Hkpk ≈ Bk+1pk = yk,

Ù¥

pk = xk+1−xk; yk = ∇ fk+1−∇ fk.

��5`§�{zO�I�éBk��õ��"Äk��b�Bk´é¡�§

Ï�Hk���´é¡�",	§Ï~b�Bk+1−Bk´$��§Ï�·�F

"HessianÝ
3��ügS�¥�CÄØ�"

�«Bk��#�{¡�Symmetric-Rank-One (SR1) �#§Ù¥Bk+1 −
Bk´���§�#úª�µ

Bk+1 = Bk +
(yk−Bkpk)(yk−Bkpk)

T

(yk−Bkpk)T pk
.

,�«Í¶��#�{¡�BFGS�#, dÙo u²ö�¶i£Broyden,

Fletcher, Goldfarb, and Shanno¤·¶"3ù��#�{¥§Bk+1−Bk´��

�§���Ð©B0´�½�§=��y¤kBkÑ´�½�"BFGS��#ú

ª�:
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Bk+1 = Bk−
BkpkpT

k Bk

pT
k Bkpk

+
ykyT

k

yT
k pk

.

ØØ´SR1½BFGS§��Hk�CqBk�§=��Úî{��Xe[Ú

î`z�{�S�úªµ

xk+1 = xk−B−1
k f (xk).

þãS�úª¯¢þI��´B−1
k 
�Bk"PVk = B−1

k §�±N

�SR1ÚBFGS�S�úª��O�Vk"éuSR1§Vk��#úªXeµ

Vk+1 = Vk +
(pk−Vkyk)(pk−Vkyk)

T

(pk−Vkyk)T yk
,

éuBFGS§Vk�#úªXeµ

Vk+1 = (I−ρkpkyT
k )Vk(I−ρkykpT

k )+ρkpkpT
k ,

Ù¥:

ρk =
1

yT
k pk

.

11.2.1.4 �ÝFÝ{

�ÝFÝ{£Conjugate Gradient¤�Ð^5¦)�5�§|Ax = b¤(
½��5XÚ§Ù¥XêÝ
A ∈ Rn×n ´é¡�½�"w,§¦)T�5�

§|�¯K�du¦Xe�dà¼ê����¯Kµ

m(x) =
1
2

xT Ax−bT x. (11.8)

éu?¿��8I¼ê f (x)§3xk:�Xe��Cq:

mk(p) = f (xk)+pT
∇ fk +

1
2

pT Hkp.

þªÚª 11.8äk�Ó/ª§Ïd�ÏL)�5�§Hkp =−∇ fk��p��
`)��pk"ù´�ÝFÝ{^u`z¯K�Ä��n"

Ø���5§±�5�§Ax = b?Ø�ÝFÝ�{"b�Aé�§±�
Ã{^pd��{�IO�{��¦)"�Ý4Ýeü{�O
��S�L

§§lx0m©§zgS�)¤�� £��dk§T���¤k®²)¤� 
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£��äkXe�Ý'Xµ

dT
k Ad j = 0, j < k.

nØþ§�|¢nÚ�7,¬é�Ax = b�)§Ù¥n´Ý
A��ê¶¢S
¢y�§  AÓS��Ò�±��éÐ�(J"�ÝFÝ�{�[!d�

{ 1�Ñ"

1 Input: A,b;

2 Initialization: x0 = 0;r0 = b
3 for k:=1 to N do
4 if k==1 then
5 dk = r0;

6 end
7 else

8 dk = rk−1 +
rT

k−1rk−1

rT
k−2rk−2

dk−1;

9 end

10 αk =
rT

k−1rk−1

dT
k Adk

;

11 xk = xk−1 +αkdk;

12 rk = rk−1−αkAdk;

13 if ||rk||< δ then
14 Break;

15 end

16 end
17 Output: xk;

Algorithm 1:é�5�§Ax = b¦)��ÝFÝ�{"Ù¥dk�1kÚ�

|¢��§rk�1kÚ�í�§αk �1kÚÚ�§xk �1kÚ���)"
þã�ÝFÝ{A^u�5�`z¯K�k��wÍ`:§=3O�

1kÚ�Ú�Úí��§�,Ñ¬^�Ý
A§�¯¢þ�IO��þAdk"

éu f (x)�`z
ó§A¯¢þéA�´éJ¦)�HessianÝ
§�Adk%

�±ÏLê�{¦Ñ§Ïd4�ü$
O�m�"�,§Ø�Úî{Ú[Ú

î{äk@o¯�Âñ�Ý§�Ï�ØI�O�HessianÝ
§�
�A^u

éõ�5�¯K"ã 11.3'�
�ÝFÝ{�IOFÝeü{�|¢´»§

�±w��ÝFÝ{äk�Ð�Âñ5�"
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Fig. 11.3 �ÝFÝ{�FÝeü{|¢´»'�"ùÚò��IOFÝeü{�|¢´
»§7���ÝFÝ{|¢´»"�±w��ÝFÝ{�¢y�k��|¢"

11.2.2 ���&&&���`̀̀zzz

1w¼êþÃ�å`z¯K�,�«�{´�&�`z"3ù��{

¥§Äk(½�c)xk����&�§3ù�«�S f (xk +p)��,�{ü
¼êmk(p)Cq"�&�(½�§éCq¼êmk(p)3T�S?1`z§^�
��`z�Cq�¼ê�`z�"T�{/ªzXeµ

p∗(∆) = argmin
p

mk(p) s.t. ||p|| ≤ ∆ ,

Ù¥∆��&���»§p∗(∆)��»�∆��&�SCq¼êmk(p)�`z
)"

XJ���Cq§��V½n§Cq¼ê�µ

m1
k(p) = f (xk)+pT

∇ fk, (11.9)

XJ���Cq§KkCq¼êµ

m2
k(p) = f (xk)+pT

∇ fk +
1
2

pT Bkp. (11.10)

Ù¥Bk´3 f (x)3xk?HessianÝ
�Cq"
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11.2.2.1 Dogleg�{

�&�`zò f (x)�Ã�å`z¯K=z¤Cq¼êmk(p)���å`
z¯K"ù���å¯K�^?Û�{¦)§����`)p∗(∆)´�&�

�»∆�ëY¼ê"XJ·�=�Ä��Cqm1
k(p)Ú��Cqm2

k(p)ü«C
q¼ê§p∗(∆)�/ª�é{ü"

f (xk +p)≈ m1
k(p) = f (xk)+pT

∇ fk

f (xk +p)≈ m2
k(p) = f (xk)+pT

∇ fk +
1
2

pT Bkp,

Ù¥Bk�3xk: f (x)�CqHessianÝ
"

��Cq`z:

éu��Cq§´�é?¿��∆§g = ∇ fk
||∇ fk||

´¦m1
k(p)eü�¯��

�§ÏdÉ�`z¯K��`)p∗(∆)3g¤(½���þ§�´g��||p||=
∆��:"ù¿�Xp∗(∆)�X∆�O�Ly�÷Xg�����§=p∗(∆) =

−∆g"��5¿�´§�k�∆�'���§m1
k(p)é f (xk +p)�Cqâ¤á§

ù¿�X��Cq�`z:p∗(∆)�k�∆'���â´é�¼ê f (x)��Ð
`z £"

·��±¦ f (x)3g������ �x̃§XJ÷g��5|¢��Lù
� �§��Cq¼êm1

k(p)òÃ{UYCq f (x)"ù´Ï���Lù� 
��§ f (x)�òþ,§
m1

k(p)òUYeü"��¦ f (x)3g��þ����
:x̃¿ØN´§·�|^ f (x)���Cqm2

k(p)5¦ù�����Cq�§=
¦m2

k(p)3g���4��:§Ï
kXe'Xµ

min
x

f (x)≈min
α

m2
k(αg) = min

α
{ fk +αgT g+

α2

2
gT Bkg},

�����:éA�α�:

α =− gT g
gT Bkg

,

dd��3g��þ f (x)����:�µ

x̃≈ xk +pU ,

Ù¥µ
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pU = αg =− gT g
gT Bkg

g.

é?Û∆ ≤ α��&�§��Cq¼êm1
k(p)3É�^�e����:�µ

p∗(∆) =
∆

α
pU = τpU

Ù¥τ ≤ 1L«∆��Û���:�Ú�α�'~"

��Cq`z:

éu��Cq¼êm2
k(p)§3vk∆���§´�Ù���:éA��#

�þ�pB =−B−1∇ fk"ù`²�∆ ≥ ||B−1∇ fk||�§∆���¿Øå�^§d

����^���`(Jp∗(∆)=´m2
k(p)3vk∆�����`)pB"��§

XJ∆L�§É���`z���p∗(∆)�Ã����`z�(J¬���

�"

Dogleg`z;,

nþ¤ã§�∆'���§·Ü^��Cq§�∆'���§I�^��

Cq"�«g´´ò�ö(Üå5§���«éÜ`z�{§¡�Dogleg�

{§Xeª¤«µ

p∗(τ)


τpU 0≤ τ ≤ 1

pU +(τ−1)(pB−pU ) 1≤ τ ≤ 2

pB τ ≥ 2.

þª¥�τ=´·�c¡½Â�∆���Cq¥g��þ�`Ú�α�'

~"dþª��§�τ ≤ 1�§p∗(τ) ���Cq3τ��e��` £¶

�1 ≥ τ ≥ 2 �§���CqÚ��Cq�` £��5|Ü¶�τ ≥ 2�

£=∆ ≥ 2α¤§����Cq��` £=�"dd§é∆�|¢=z�é�

�ëêτ 3[0,2]�m�|¢"ã 11.4�ÑDogleg�{¥p∗(∆)�;,"
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-

Fig. 11.4 Dogleg�{«¿ã"7Ú­��Äu��Cqm2
k(p)�É�`z¯K�`z

:p∗(∆)§ùÚò��Dogleg�{���É�`z¯K�`z:p∗(τ)"g� f (x)�FÝ�
�§α�3T��þ±m2

k(p)�8I¼ê��`�¤éA�∆§pU�éA��`:"pB��

�Cqm2
k(p)3��^����`)"

11.2.2.2 �&�N�

�&��{I�(½3:xk?��&��»∆k§¦�Cq¼êmk(p)é
8I¼ê f (x)3T«�Säk�Ð�CqUå"ù�CqUå�ÏLXe'
~Ïfuÿµ

ρk =
f (xk)− f (xk +pk)

mk(0)−mk(pk)
. (11.11)

w,§mk(pk)� f (xk) l��§ρk����"Äud§�±ÅìN��&«

m��»∆k§¦�mk(pk)� f (xk)�±�Ð���5"

äN5`§Äk5¿�Cq¼êþ���mk(0)−mk(pk)´�K�§¤

±§�ρk´Kê�§`² f (xk +pk)' f (xk)�§ÏdI�áýpk"ùÓ�¿�

Xd���&�L�§Cq¼êÃ{3T«�Sé f (x)�éÐCq§ÏdI
�~�∆k��§2gO�`z�pk¶XJρk´����Cu"§�gS��

��pk�±�3§�I3e�gS�¥ �∆k¶XJρk����§`²�c

�&�ÀJ'�Ün§�±3egS��UY¦^¶XJ�ρk����C1§

`²3�c�&�SCq¼êmk(p)é f (x)kéÐ�Cq§ù�·��±3e
�gS��?�Ú*��&�§±Jp|¢�Ç"
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11.2.2.3 �5|¢��&�`z'�

�5|¢Ú�&�`z´)ûÃ�å`z¯K�ü«Ä��{"3�5

|¢¥§·�Äké���|¢��pk§¦�l�c��:xk÷T��|¢

�8I¼êeü§2(½3T���|¢Ú�§é���¦ f (x)eü���
)"�&�`z´k(½���&�§3T�&�SO�Cq¼ê��`

)"duTCq¼ê3ù��&�S�±�ÐCq�8I¼ê§ÏdTCq

¼ê��`)ò´�8I¼ê3xkNC�Ð�)"oN5`§�5|¢´k

���Ú��|¢�{§�&�´kÚ�����|¢�{"

ùü«�{k��éXµØ+=«�{§Ñr��6�¼ê f (x)�FÝ
Ú­Ç&E§�O��½��Cq¼ê§¿ÄuTCq¼ê�`z��ÚÚ

�5(½ f (x)�e��`z:"ùü«�{�p�/�"~X3Úî�{¥§
XJ||xk+1−xk||L�§Kk�UI�éÚ�?1��§±����Cq�5
�L�Ø�§ù¯¢þ�´�&��Vg"

11.3 ��å`z¯K

c¡®²J�§��å`z?Ö´3Ã�å`z?ÖÄ:þ\\�|�

�^�"ùa¯K���±L«¤Xe/ªµ

min
x

f (x) s.t.

{
ci(x) = 0, i ∈ E

ci(x)≥ 0, i ∈I ,
(11.12)

Ù¥ f (x)´8I¼ê§E´�ª�å^�8§I ´Ø��å^�8"�ù


�å¼êci(·)þ´½Â3Rnþ�1w¼ê§·�Ï~r÷v¤k�å^��

:x|¤�8Ü¡�Ü{�§=µ

Ω = {x|ci(x) = 0, i ∈ E ; ci(x)≥ 0, i ∈I }. (11.13)

Ïd§þã��å^���`¯K��±{�¤Xe/ªµ

min
x∈Ω

f (x). (11.14)
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11.3.1 ...���KKKFFF¦¦¦fff{{{

.�KF¦f{´)û��å`z¯K�Ä��{"·�±�ª�å5

`²ù�­��{§¿*Ð���ª�åþ"±�¹���ª�å�`z¯

K�~µ

min f (x) s.t. g(x) = 0. (11.15)

�þã��å¯K��`)�x∗§�A�¼ê��a§K��� f (x) = a7,

�­�g(x) = 0��§Xã 11.5¤«"ù´Ï�XJ�öØ��§3�ö�

�:x∗?÷g(x) = 0��������£Ä�§o¬k÷ f (x){����©þ
¦� f (x)���u)Cz§?
¦ f (x)< f (x∗)" f (x) = aÚg(x) = 0ùü^�

�3x∗:��¿�X3:x∗§7,kùü^­��FÝ3�^��þ£��
�7�Ó¤§=x∗I÷vXe^�µ

∇ f (x∗) = λ∇g(x∗). (11.16)

5¿þª´¯K 11.15�7�^�§
�¿©^�"¯¢þ§é?Û��(

½�8I¼ê f (x)Ú��(½���^�g(x) = β§Ñ3�:x∗k��(½
�λ ∗§�kÄuTλ ∗�§ª 11.16â¤á"Ï�ØÓ�å^�éAØÓ�λ ∗§

Ú\�å^���òÚª 11.16�å(½λ ∗���§=µ

∇ f (x∗) = λ
∗
∇g(x∗) (11.17)

g(x∗) = 0. (11.18)

N´�y§11.17-11.18ª�´XeÃ�å`z¯K�`z:(x∗,λ ∗)��
�7�^�µ

L(x,λ ) = f (x)−λg(x).

ù�(J¿�X����å`z¯K�±=z�Ã�å`z¯K§TÃ�å

`z¯K�`z)£î�/`§Ü©)x∗§Ø�¹λ ∗¤=����å¯K�

)"ù��{¡�.�KF¦f{£Lagrange Multiplier¤§Ù¥ëêλ¡�.

�KF¦f§L(x,λ )¡�.�KF8I¼ê"
òþã�ª�åe�.�KF¦f{*Ð��¹Ø��å�`z?Ö"

±Xe�¹ü�Ø��å�`z¯K�~µ
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g(x)=0

f(x)=a

Fig. 11.5 ��ª�å�.�KF¦f{" f (x)´�`z¼ê§ f (x) = a´ f (x)��^��
�§g(x) = 0´�ª�å¤éA�­�" f (x) = a�g(x) = 03�`)x∗?��§3�:?
k∇ f (x∗) = λ∇g(x∗)"

min f (x) s.t. h(x)≥ 0. (11.19)

ù�`z¯K�)x∗kXeü«�¹£�ã 11.6¤µ (1) XJx∗3­
�h(x) = 0þ§=£8��ª�å^�§Ï
k: ∇ f (x∗) = λ ∗∇h(x∗);λ ∗ > 0"

5¿ù�­� f (x) = aÚh(x) = 03�:x∗?�FÝ��7,´�Ó�§ÄK
7,k÷vh(x) > 0�:x¦� f (x) < f (x∗)" (2) XJx∗3­�h(x) = 0±S§

=h(x∗) > 0§d�h(x)���Øå�^§��å�`z¯K�Ø��å�`
z¯K�)´���"

·�òþãü«�¹o(�Ú���.KF8I¼ê/ª§�uyª

11.19¤«���å`z¯K�duXeÃ�å`z¯Kµ

L(x,λ ) = f (x)−λh(x)

Ù`z�(x∗,λ ∗)I÷vXe^�(¡�Karush-Kuhn-Tucker^�)µ
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h(x)=0

f(x)=a

f(x)>a

Fig. 11.6 �Ø��å�.�KF¦f{" f (x)´�`z¼ê§ f (x) = a´ f (x)��^��
�§h(x)≥ 0´����å¤éA�Ü{«�"XJ�`:x∗3­�h(x) = 0þ§K f (x) = a

�h(x) = 03x∗��§�FÝ���Ó"XJx∗Ø3h(x) = 0þ§K=z�Ã�å`z¯

K"

∇(x∗) = λ ∗h(x∗)
h(x∗)≥ 0

λ ∗ ≥ 0,

λ ∗h(x∗) = 0.

(11.20)

�é{`§h(x∗)Úλ ∗��k��Ø´"§K,��7,�""ù�KKT^

�3·�?ØSVM�k­�¿Â§�´Ï�h(x∗) > 0�7kλ ∗ = 0§â¦�

�|±�þ3�.¥��­�ü�"§l
��~�
�.E,Ý£�1

5Ù¤"

o(å5§��Xª11.12¤«���å`z¯K�duXeÃ�å`z

¯Kµ

L(x,λλλ ) = f (x)−∑
i∈E

λici(x)− ∑
i∈I

λici(x),

¿÷vXeKKT^�µ

λ ∗i ≥ 0 ∀i ∈I

ci(x∗)≥ 0 ∀i ∈I

λ ∗i ci(x∗) = 0 ∀i ∈I .

(11.21)
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11.3.2 éééóóó¯̄̄KKK

P`z¯K�:

min
x

f (x) s.t. ci(x)≥ 0, i ∈I . (11.22)

Pc = [c1, ...,cn]
T ,λλλ = [λ1, ...,λn]

T§òþã`z¯K�¤.�KF8I¼ê/

ª§kµ

L(x,λλλ ) = f (x)−λλλ
T c(x). (11.23)

XJ f (x)Ú{−ci(x)}Ñ´à¼ê§KL(x,λλλ )�´à�"ùa¯Käkéó?
Ö"½ÂXe¼êµ

q(λλλ ) = inf
x

L(x,λλλ ) (11.24)

K�¯K 11.22�éó¯KL«�:

max
λλλ

q(λλλ ) s.t. λλλ ≥ 0. (11.25)

�±y²§3A½^�e§þãéó¯K����`���¯K

11.22����`�´���§�éó¯K��`)λλλ ∗�\ª 11.23¥§�

�zL(x,λλλ ∗) ���x∗�´�¯K 11.22�)£[8], Theorem 12.12¤"�é{

`§x∗Úλλλ ∗´�ééó)§©O)�¯K 11.22Úéó¯K 11.25§�öÚ�

�.�KF¦f8I¼ê 11.23§(x∗,λ ∗λ ∗λ ∗)´T8I¼ê�éÜ�`)"5¿

þã(Ø�6 f (x)Ú{−ci(x)}�à¼ê5�"ã 11.7�Ñþãéó¯K�«

¿ã"éó¯K3éõÅìÆS?Ö¥äk­�¿Â§��¡§�Jø�Ç

�p�){§,��¡�±�«�{�����á5"e�!�?Ø��5

5y¯K=A^
ù«éó){"

±��~f5`²éó¯K"�Xe���Ø��å�`z¯Kµ

min
x1,x2

f (x1,x2) = min
x1,x2

0.5(x2
1 + x2

2) s.t. x1−1≥ 0.

�.�KF¦fúªµ

L(x1,x2,λ ) = 0.5(x2
1 + x2

2)−λ (x1−1).
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f(x[  ])

1

1

c(x[  ])1

q(  )
1

f(x[  ])=q( )

f(x[  ])

Fig. 11.7 �¹���å�éó¯K"q(λ )Ú f (x)´�¯KÚéó¯K�8I¼ê"q(λ )�

����u f (x)����"é?¿�:λ§q(λ )�)üÜ©µ f (x[λ ])Úc(x[λ ])§Ù¥x[λ ]´
¦ª 11.24��e.�x"ùüÜ©�~��q(λ )"3q(λ )����:λ ∗ kc(x[λ ∗]) = 0,d

� f (x[λ ∗]) = q(λ ∗)"

�ª 11.24§q(λ )´�½��λ�L(x1,x2,λ )����"ù�`z?Ö�±Ï

L¦L(x1,x2,λ )�7:��µ

∂L(x1,x2,λ )

∂x1
= 0;

∂L(x1,x2,λ )

∂x2
= 0.

�n��µ

x∗1−λ = 0; x∗2 = 0.

òþª�\L(x1,x2,λ )§k:

q(λ ) = 0.5(λ 2 +0)−λ (λ −1) =−0.5λ
2 +λ .

XJ·�éþª`z§��:

λ
∗ = argmax

λ≥0
q(λ ) = 1

q(λ ∗) = 0.5.

XJ·�òλ ∗�\L(x1,x2,λ )§¿¦��)§kµ
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x∗1 = 1, x∗2 = 0.

òþª�\�`z?Ö§��µ

f (x∗1,x
∗
2) = 0.5 = q(λ ∗).

þãéó¯KL«¥q(λλλ )�¹4�¼êinf
x
(·)§/ª'�E,",�«�

�*�éó¯KL«¡�WolfeéóL«§/ªzXeµ

max
x,λλλ

L(x,λλλ ) s.t. ∇xL(x,λλλ ) = 0, λλλ ≥ 0.

5¿þª¥�`z?Ö´é.�KF8I¼ê���z"�±y²X

Jx∗,λλλ ∗ ´�¯K�)§K¦��´Wolfeéó¯K�)"

11.3.3 ���555555yyy

�55y£Linear Programming, LP¤´�{ü���å`z?Ö§Ù8

I¼êÚ�å^�Ñ´�5�"��;.��55y?ÖXeµ

min cT x s.t. Ax−b≥ 0. (11.26)

þª¥Ax−b ≥ 0¯¢þ´�|��^�§z�^��L«�aT
i x = bi ≥ 0§

Ù¥aT
i ´Ý
A�1i1"Xã 11.8¤«§ù
��^���udeZ��

�¤
��Ü{«�§cT x��`�o¬Ñy3,ü^����:"Äu�
5�å�à¼ê5�§ù�`z¯K�ÛÜ�`)=��Û�`)§�ù�

�`)�7��"Xã 11.8§XJcT x = const�FÝc��u)UC�§k
�U¦�Ü{«���^>Ñ´�Û�`)"

þã`z?Ö�éó?ÖkXe/ªµ

q(λλλ ) = inf
x
{cT x−λλλ

T (Ax−b)}= inf
x
(cT −λλλ

T A)x+λλλ
T b,

max
λλλ

q(λλλ ) s.t. λλλ ≥ 0.

5¿XJc−Aλλλ 6= 0�§q(λλλ ) =−∞∞∞§ù«�¹w,Ø´éó?Ö�)§Ïd

7kc−Aλλλ = 0"dd���55�?Ö�éó¯K�µ

max
λλλ

λλλ
T b s.t. λλλ ≥ 0, c−Aλλλ = 0. (11.27)
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Fig. 11.8 �55y£LP¤?Ö"�åAx−b≥ 0éA�|�åaT
i x−bi ≥ 0§z��åéA

d�^��©�Ñ��>�m"ù
�å�Óû½
��Ü{«�§`z¯KI�3ù�

«�¥Ïé�`)"ã¥ÒKÜ©L«�{«�§x∗´�`)§Ñy3Ü{«��,�º
:½,^>"

��±òéó¯K�¤Wolfeéó/ªXeµ

max
x,λλλ

cT x−λλλ
T (Ax−b) s.t. c−Aλλλ = 0, λλλ ≥ 0.

òþª¥���^��\`z?Ö§K��Úª 11.27���/ª"

11.3.3.1 üX.{

üX.{£Simplex¤´)û�5`z¯K�Ï^��{§dDantzigu1940c

JÑ"c¡·�?ØL§du�5`z¯K¥`z8IÚ��^��à¼ê

á5§ÙÜ{«�´��à�§
`z¯K�)?uTà��,�º:"Ï

d§·��±l,��º:Ñu§�à��>Ïé¦8I¼ê�`z�º

:"Ï�à��º:´k��§Ïdþã|¢�{�3k�Ú½S���`

)§Xã 11.9¤«"y3�¯K´XÛ(½à�¥º:� �§±?XÛ�

à��>Ïé�`�º:"
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,�`z

1

Fig. 11.9 �55y¯K�Ü{«�´��à�§Simplex�{ÏL|¢à��º:?1`

z"

e¡·�`²à��º:�±d�5�§¦)��"kw��{ü�~

f"�·�kXe�55y?Öµ

min
x,y

2x− y s.t. x+ y≤ 1,x≥ 0,y≥ 0. (11.28)

5¿þª�éN´�¤Xª 11.26¤«�/ª"þã¯K´�����m¥

���å`z¯K§Ù¥Ø�ª�åéA�Ü{«�Xã 11.10£a¤¤«"

·���ù�¯K��`:AT3a,b,cùn�º:§�Ï��å^�¥�

Ø�ª?nå5Ø�*§·��±òþã¯K“,�”�n��m§Ú\1n

�Cþz§dd�òØ��å�¤�ª�å§=µ

min
x,y

2x− y s.t. x+ y+ z = 1,x≥ 0,y≥ 0,z≥ 0. (11.29)

N´�y§¯K 11.29 �¯K 11.283éxÚy��åþ´�d�§
`z¼

ê¥��¹xÚy§Ïdùü�¯K�)´���"ã 11.10 £b¤�Ñ¯K
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11.29¤éA�Ü{«�§¯¢þ´��n��m¥1���S���k�²

¡§½��üX.£Simiplex¤"ù�²¡þ�¤k:Ñ´¯K 11.29�Ü{

:§Ù�A�(x,y)�I�´¯K 11.28�Ü{:"

duª 11.29¥�¤k��^��´à�§ÏdÙÜ{«��´�à�§

��`:´ù�à��º:£ã 11.10£b¤¥a,b,cn:¤"ÏLÚ\Cþzò

¯K,��n��m�Ð?´rØ�'XÑ8(��I¶þ§l
¦à��

º:Ñ�u�I¶þ"ù¿�X�Iòx,y,z¥�?¿ü�Cþ�0§=��

���º:§ù�º:�äN�I�d�ª�å��"3�~¥§?¿ü�

Cþ�"�,��CþÑ�1"w,§a,b,cùn�º:¥§a = (0,1,0)�8

I¼ê��$£-1¤§Ïd´�`:"

x

y

x

y

z

(a) (b)

a

bc

a

b

c

Fig. 11.10 �55y¯K�Ü{«�´��à�§Simplex�{ÏL|¢à��º:?1`

z"

þãÏLÚ\N\Cþò�5`z¯K=�¤¦p��m¥Simplexº

:¯K��{¡�üX.{£Simplex¤"·��±òù��{/ªzXeµ

�kXe�km+n��å��5`z¯Kµ

min
x

cT x s.t. Ax−b≥ 0;x≥ 0, (11.30)

Ù¥x ∈ Rn, b ∈ Rm§A ∈ Rm×n"5¿ù�/ªÚª 11.26ÑkØÓ§\\


éx��K�å§�ª 11.26¯¢þ�ÏL{ü�CþO�5K�¤Xª

11.30�/ª£[8],pp.356-357¤"
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ª 11.30¥�¹m�Ø��å£Ø�¹xþ��å¤§ÏdÚ\m��K�

gdCþ£k��¡t¶Cþ¤x′ = [xn+1, ...,xn+m]
T§¦�`z¯K 11.30�

�å,��n+m�m§��Xe�å¯Kµ

min
x

cT x s.t. Ax−b−x′ = 0;x≥ 0;x′ ≥ 0. (11.31)

Úã 11.10¥aq§,��`z¯K�Ü{��¤�à�¥§º:¤éA

�n�Cþ���"§Ù{m�Cþ�""ùm��"Cþ¡�ÄCþ§n�

"Cþ¡��ÄCþ"d�ª�å�)Ñm�ÄCþ§=��éA�º:"

º:£Ä

XJØ�Ä�Ý¯K§�cã,�`z�{§Ø�òm+n�Cþ¥¤k

�U�ÄCþ|ÜÑ�Ñ5§��Cm
m+n�Ü{«��º:§é'z��º:

�8I¼ê�§Ù¥��¼ê�=�`z¯K�)"w,§ù«�{�O�

E,Ý�`z?Ö��Ý¥�êO�§�Çé$"·����k��üÑ§

~X�±3����º:�§÷,�¶CþÏée��º:§¦�#º:�

8I¼ê�$"Äuù��{§Ï~²LAg|¢=�é��`)"

�L����ß§·�éª 11.31?1�n§òxÚx′Ü¿¤���þ§
^x̃L«§�n¿­#½Â�Aëê§��Xe{ü/ªµ

min
x̃

c̃T x̃ s.t. Ãx̃ = b; x̃≥ 0. (11.32)

Ù¥:

x̃ = [xT x′T ]T (11.33)

c̃ = [cT 01×m]
T (11.34)

Ã = [A Im×m]. (11.35)

3Ø�)ÜÂ�cJe§·�^x,c,A©OO�x̃,c̃,Ã§��`z?Ö�X
e{ü/ªµ

min
x

cT x s.t. Ax = b;x≥ 0. (11.36)

ù�/ª¡��5`z¯K�IO/ª"þª¥��`)xA÷vX
eKKT^�:
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AT
λλλ + s = c (11.37)

Ax = b (11.38)

x≥ 0 (11.39)

s≥ 0 (11.40)

xisi = 0, i = 1,2, ...,n+m (11.41)

Ù¥λλλ��ª�åéA�.�KFÏf§s�Ø��åéA�.�KFÏf"
PÄCþ8Ü�xB§ÙéA�¢Ú8Ü�B ¶P�ÄCþ8Ü�xN§Ùé

A�¢Ú8Ü�N"PA¥ÄCþ¢ÚéA�fÝ
�B§�ÄCþ¢Úé
A�fÝ
�N"fÝ
B�¡�¶Ý
§Ù¥z��¡���¶£Basis¤"

c,s¥éAÄCþ�f�þP�cB,sB§éA�ÄCþ�f�þP�cN ,sN"5

¿xN = 0§xB > 0"1

d�ª�åª11.38��µ

xB = B−1b.

òª 11.37¥Cþ©¤xBÚxNü�f�þ§kµ

BT
λλλ + sB = cB, (11.42)

NT
λλλ + sN = cN . (11.43)

duxB > 0§�ª 11.41´�sB = 0"�\úª 11.42§kµ

BT
λλλ = cB,

Ï
kµ

λλλ = B−T cB. (11.44)

òλλλ�\ª11.43§�)�sNXeµ

sN = cN−NT
λλλ = cN− (B−1N)T cB. (11.45)

XJsN ≥ 0§K`²�c�)x÷v¤kKKT^�§Ï
´`z¯K

11.36�)§Ó��´`z¯K 11.30�)"ÄK§�sN¥,�K���éA

1 ÄCþ�"�¡¶Ý
B´òz�£Degenerate¤§·�Ø�Lõ?Ø"Öö�ë� [8]

£pp.381¤"
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�Cþxq§�±y²��½xN¥Øxq�	�Cþ�"�§O�xq��o¬¦

8I¼êcT xeü"�d§-xq�#���x+q§éA#�xP�x+£5¿x+�
1q ���x+q¤"dux j = 0, j ∈N \q§Ï
k:

Ax+ = Bx+B +aqx+q ,

Ù¥aq´A¥�1q�"Ï�BxB = Ax = Ax+§kµ

x+B = xB−B−1aqx+q . (11.46)

¦x+?�8I¼ê§kµ

cT x+ = cT
Bx+B + cqx+q = cT

BxB− cT
BB−1aqx+q + cqx+q (11.47)

dª 11.44�:

cT
BB−1 = λλλ

T ;

d 11.45�µ

aT
q λλλ = cq− sq; q ∈ N.

òþ¡�ª�\ª 11.47��µ

cT x+ = cT
BxB− cT

BB−1aqx+q + cqx+q (11.48)

= cT
BxB−λ

T aqx+q + cqx+q (11.49)

= cT
BxB− (cq− sq)x+q + cqx+q (11.50)

= cT x+ sqx+q . (11.51)

XJ·�ÀJsq < 0§KokcT x+ < cT x§Ïdx+o'x�`"¯¢þ·
��±��O�x+q§��xB¥,����xpC¤0§ù¯¢þ��u÷XÜ

{�à���^>rl��º:r�
,��º:"��Tº:�§ÄCþ

¢Ú8��ÄCþ¢Ú8©OC¤µ

B+ = B\p∪{q},

N + = N \q∪{p}.

þãCÄ�±n)�3Ý
A¥ÀJÄÝ
B�§�K1p�
ÀJ

1q�§Ù¥ÀJq¦�sq < 0§
p´�xqO��§¶xB¥�k�ü�0�xp¤



liv 11 `z�{

éA�p"xB�xq�Cz�dª11.46��§=:

x+B = xB−B−1aqx+q .

ÄkO�d = B−1aq§ù�d)�§|�Bd = aq��¶2éB¥�z�k§O

�¦�(x+B )k = (xB−dx+q )k = 0éA�x+q�§¿�x+q���k��I��K�

Ä§=µ

p = argmin
k

(xB)k

dk
.

þã�{lÄÝ
B¥�K¶ap§¿\\#�¶aq"ù�ö��¡�‘=

¶ö�’"2 Simplex�{zgS���g=¶ö�§zgö��y#�º:´

�`�)"3ý�Ü©A^p§Simplex�Ç�~p§��3Ag�#�=�

é��Û�`:§�3�
AÏ~fpEI�H{¤kº:§Ïdù��{

3���¹e�E,Ý�,´�ê?�"

11.3.3.2 S:{

üX/{÷XÜ{��>ÏééA�`)�º:§ù��{3�
¯K

þ�Ç�$"S:{£Interior-point¤´,�«~^��55y�{"ÚüX

/{ØÓ�´§S:{lÜ{�S�,�:m©S�Ïé§3�y|¢:3

Ü{�S�Ó�§¦8I¼ê��5��§Xã 11.11¤«"

Primal-Dual�{´�«~��S:{"�*þ§�55z��¯KÚé

ó¯KÑ�¹õ���^�§/ªE,"3|¢L§¥�yù
E,���

^��±÷v´�~(J�"Primal-Dual�{ò`z¯K=z¤éKKT^�

�¦)¯K§ÏL¦÷vKKT^��)5m�¢yé�¯K�`z"

��`z��55y¯Kkª 11.36¤«�IO/µ

min
x

cT x s.t. Ax = b,x≥ 0, (11.52)

ÙéA�KKT^�Xª 11.37-11.41§­�Xeµ

2 https://zh.wikipedia.org/wiki/üX/{
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Fig. 11.11 S:{"dÐ©:m©§3Ü{�S|¢§¦�8I¼ê���Åìü$"ã
¥ù�L«|¢´»"

AT
λλλ + s = c (11.53)

Ax = b (11.54)

x≥ 0 (11.55)

s≥ 0 (11.56)

xisi = 0; i = 1,2, ...,n+m (11.57)

5¿þã¯K£ª 11.52¤�éó¯K´:

max
λλλ

bT
λλλ s.t. AT

λλλ + s = c,s≥ 0 (11.58)

ÙKKT^�Ú�¯K´���"ù¿�X·���é��|÷vþãKKT^

��)(x∗,λλλ ∗,s∗)§§Ó��´�¯K 11.52ÚÙéó¯K 11.58�)"

éKKT^�11.53 - 11.69?1�n§òª 11.53,11.54,11.69Ü¿¤Xe/

ªµ
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F(x,λλλ ,s) =


ATλλλ + s− c

Ax−b
XSe

= 0, (11.59)

Ù¥: X = diag(x1, ...,xn), S = diag(s1, ...,sn), e = [1,1, ...,1]T"5¿KKT^�´

�¯K 11.52£½éó¯K 11.58¤�¿©^�§Ïd���å�`z¯K=

z�Xe��å��5�§|¦)¯Kµ

F(x,λλλ ,s) = 0 s.t. x≥ 0,s≥ 0. (11.60)

b�F(x,λλλ ,s) = 0éJ¦)£ÄKá=���T)¿�äÙ´ÄÎÜ�

å^�¤§ÏdI�^S�{Åì%C"Úî{´~^��{"ù��{�

^ã 11.12)º"�k��¼ê f (x)§·��¦¦ f (x) = 0�)x∗"Úî{l

,�Ð�x0m©|¢§�1kgS����´xk§K�T:?����x¶�

�:��#���xk+1"5¿T����Ç� f (x)3xk:?��ê f ′(xk)§Ï


kµ
f (xk)

xk+1− xk
=− f ′(xk).

5¿úª¥�KÒL«��ê��ê�§xk+1 < xk"P∆x|k = xk+1− xk§þ

ª��¤:

f ′(xk)∆x|k =− f (x).

x

f(x)

xt

f(xt)

Fig. 11.12 ��¼ê�Úî{«~"zgS�� f (x)3�c:����x¶��:��#�

)"

*Ð�õ�¼ê�¹§Úî{��#/ªXeµ

∇F(xk)∆x|k =−F(xk),
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xk+1 = xk +∆x|k.

òþªA^uª 11.60§��µ

∇F(xk,λλλ k,sk)


∆x|k
∆λλλ |k
∆s|k

=−F(xk,λλλ k,sk).

�\F(x,λλλ ,s)�/ª11.59§kµ
0 AT I
A 0 0
S 0 X




∆x|k
∆λλλ |k
∆s|k

=


−(ATλλλ + s− c)
−(Ax−b)
−(XSe)

 .

éþª?1¦)§��[∆x|k ∆λλλ |k ∆s|k]��§=���k+1���Cþµ

[xk+1 λλλ k+1 sk+1] = [xk λλλ k sk]+ [∆x|k ∆λλλ |k ∆s|k].

�þªk�U�ÑÜ{�§=��x ≥ 0,s ≥ 0��å§ÏdI���#�Ì
Ý"ù�±ÏL\\��(0,1)�m�Ú�Ïfα ¢y§=µ

[xk+1 λλλ k+1 sk+1] = [xk λλλ k sk]+α[∆x|k ∆λλλ |k ∆s|k].

þãL§´Primal-Dual�{�Ä��n"3¢S¢y�§kõ«�{�

�z�Ú�S�Ú�§~X�Ä�c:(xk,λλλ k,sk)é�K�åx≥ 0,s≥ 0�‘�

�§Ý’§�^µk = xT
k skL«"w,§µk��L«�c��:��CÜ{«�

�>.§Ï
I�~�Ú�"äN�{�ë� [8]£pp.417¤"

11.3.4 ������555yyy

��5y£Quadratic Programming, QP¤´`z8I���¼ê§�å

��5¼ê�`z?Ö§½ÂXeµ

minx q(x) = 1
2 xT Gx+xT c

s.t. aT
i x = bi, i ∈ E ; aT

i x≥ bi i ∈I .
(11.61)

Ù¥E´�ª�å8§I´Ø��å8"Ú�55y�'§��5yõÑ�

����xT Gx"·�¬w�§��5y?Ö�JÝÚ��Ý
G���'§
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�G��½Ý
�§ÙE,5Ú�55y��§ÄK`z?Ö�E,�õ"
��5y´��5`z¯K�A~§Ø=��k­�A^d�§é)û��

��5`z¯K�äk­�¿Â"�¡·�¬w�����5¯K�±ÏL

�EÛÜQP¯K¢y"

11.3.4.1 �ª�å

·�Äk�Ä'�{ü��ª�å��¹§=:

min
x

q(x) =
1
2

xT Gx+xT c s.t. aT
i x = bi, i ∈ E . (11.62)

þã¯K�.�KF8I¼ê�µ

L(x,λλλ ) =
1
2

xT Gx+xT c−λλλ
T (Ax−b).

T¯K�)A÷vXe^�µ

∂L
∂x

= Gx+ c−AT
λλλ = 0

∂L
∂λλλ

= Ax−b = 0.

�¤Ý
/ª§kµ [
G −AT

A 0

][
x
λλλ

]
=

[
−c
b

]
. (11.63)

�±y²§XJA´1÷��§�G´�½�§K÷vþª�xÚλλλ=´

�¯K 11.62��Û���`)"XJG´��½�£=ÙA��¥�¹"
�¤§KT)´ÛÜ�`)¶XJG´Ø½�£A��¥Q�¹��§��
¹K�¤§KT)�´��7:§¿�ÛÜ�`£~X�U´��êQ:¤"

11.3.4.2 Ø��å

e¡·�?ØÚ\Ø��å��/"�.�KF¦f{§QP¯K

11.61�.�KF8I¼ê�µ

min
1
2

xT Gx+xT c− ∑
i∈E∪I

λi(aT
i x−bi). (11.64)
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éþª�`z)(x∗,λλλ ∗)A÷vXeKKT^�§=µ

Gx∗+ c−∑
i

λ
∗
i ai = 0 (11.65)

aT
i x∗ = bi, i ∈ E (11.66)

aT
i x∗ ≥ bi, i ∈I (11.67)

λ
∗
i ≥ 0, i ∈I (11.68)

λ
∗
i (a

T
i x∗−bi) = 0, i ∈I . (11.69)

XJ·��	x∗:3Ø��åþ�÷v�¹§¬uyT:3,
�å�>.
þ§Ï
ù
�åòz¤�ª�å"ù
±�ª/ªÑy��å¡�-¹�

å§-¹�å|¤�8Ü¡�-¹8£Active Set¤§P�A (x∗)§=µ

A (x∗) = {i ∈ E ∪I |aT
i x∗ = bi}.

Ï
cã�KKT�å�­�Xeµ

Gx∗+ c−∑
i

λ
∗
i ai = 0 (11.70)

aT
i x∗ = bi, i ∈A (x∗) (11.71)

aT
i x∗ > bi, i ∈I \A (x∗) (11.72)

λ
∗
i ≥ 0, i ∈I ∩A (x∗) (11.73)

�±y²§XJG´�½�§K÷vª 11.70-11.73 �x∗´��5y¯K
11.62��Û�`)"XJGØ´�½�§K��Ø�3�Û�`)"·�=
�ÄG´�½��¹¶�E,��¹�ë��Ù(��‘�']
’�!"

-¹8�{

·�0�-¹8�{"�*þ§XJ·�U(½���`-¹8§K�

òØ��å�QP¯K=z¤�ª�å�QP¯K§=µ

min
1
2

xT Gx+xT c s.t. aT
i x = bi, i ∈A (x∗).



lx 11 `z�{

¯K�E,�?3u·�¿ØU¯k��ù��`-¹8§ÏdI�?1

|¢"�{ü��{´Å��Þ¤k�U�-¹8§�	3,�-¹8þ´

Ä�3÷v¤kKKT^��)(x∗,λ ∗λ ∗λ ∗)§XJ�3§KT)7��Û�`)"

ù«_8|¢I��	2m��U�-¹8§Ù¥m��å�ê§w,�Ç�

$"

-¹8�{Äu��S�L§ÅìuyÜn�Ä¹8§¿ddÅìé�

�`)"�1kgS���)�xk§-¹8�Wk"·�ò�±Wk ¥��ª�

åéq(x)?1��z"P#)� £�p = x−xk,¿Pgk = Gxk + c,K1kÚ

�`z8I��¤µ

q(x) = q(xk +p) =
1
2

xT Gx+ cT x =
1
2

pT Gp+gT
k p+ρk, (11.74)

Ù¥ρ´�pÃ'�þ:

ρk =
1
2

xT
k Gxk + cT xk.

Ïdéq(x)�`z¯K=z�:

min
p

1
2

pT Gp+gT
k p s.t. aT

i p = 0 i ∈Wk. (11.75)

þª´��=k�ª�å�QP¯K§�dc�!0���¹�ª�å

�QP¯K�¦)�{?1`z"�þã`z���)�pk§Kxk +pkw,÷

vWk¥�¤k�ª�å§��7÷vWk¥�Ø��å"�d§�±�½�

�[0,1]m�ºÝÏfαképk?1Ú�N�§=µ

xk+1 = xk +αkpk. (11.76)

�¦xk+1÷vØ��å§�¦µ

aT
i xk+1 = aT

i xk +αiaT
i pk ≥ aT

i xk ≥ bi i /∈Wk

�n��µ

αk ≤
bi−aT

i xk

aT
i pk

.

ÀJ¦¤kØ��å÷v������αk§kµ

αk = min(1,min
i/∈W

bi−aT
i xk

aT
i pk

). (11.77)
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5¿XJαk < 1§K`²xk��#É�
,��½õ�Ø3Wk¥�Ø��å

���"Äuαk�O��{§��xk+17,?3,�Ø��å�Ü{«�>

.§T�åéA�
bi−aT

i xk
aT

i pk
����"òù��å\\Wk¥��#�-¹�

å§Ïdkµ

Wk+1 = Wk ∪{ j}, j = argmin
i,aT

i pk<0

bi−aT
i xk

aT
i pk

. (11.78)

þãL§­E?1§��pk = 0"Pd��-¹8�Ŵ§)�x̂§éA
�λ̂i�dKKT^� 11.70��µ

∑
i∈Ŵ

λ̂iai = Gx̂+ c. (11.79)

5¿þãλ̂λλ�´±Ŵ��-¹8éª 11.75?1`z�(J§éλ̂λλ ���vk

��",
§é�`z¯K11.64§XJ3Ø��å8I¥��åi3x̂:�-
u§KAkλ̂i ≥ 0§ÄKù��åØT�-u§Ï�3T�å>.S�:x�
U'3�å>.þ�:x̂k�Ð8I¼ê�"Ïd§·�I�òλ̂i < 0éA�

�ålŴ¥�Ø§2Äu#�W­Ec¡�`zL§"þãé-u8?1

O~�L§Úþ�!ØL�Simplex�{¥�=¶�{ö�´aq�"¯¢

þSimplex�{´-¹8�{���A~§�ØL���8I¼ê´�5�§

�ò¤kØ�'X8¥�
üCþþ"�{ 2�Ñ
-¹8�{�Ä�6

§"
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1 Initialization: x0,W0 = A (x0);

2 for k:=1,2,... do
3 Solve problem 11.75 to get pk;

4 //get a reasonable solution assuming equal constraints

5 if pk = 0 then
6 Ŵ = Wk;

7 x̂ = xk;

8 Compute λ̂i by Equation 11.79;

9 if λ̂i ≥ 0 ∀i ∈Wk ∩I then
10 x∗ = x̂;

11 break;

12 end
13 else
14 j = argmin j∈Wk∪I λ̂ j;

15 Wk+1 = Wk\{ j};
16 end

17 end
18 //adjust equal constrains

19 else
20 Compute αk according to Equation 11.77;

21 xk+1 = xk +αkpk;

22 if αk < 1 then
23 //add new constraint into the active set according to 11.78

24 Wk+1 = Wk ∪{ j}, j = argmin
i,aT

i pk<0

bi−aT
i xk

aT
i pk

;

25 end
26 else
27 Wk+1 = Wk

28 end

29 end

30 end

Algorithm 2:-u8�{"
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S:�{

3�55y¯K¥·�?ØLS:{"S:{ÏL3Ü{�S�ÛÜ`

z¿?1�ºÝ�#§Ó��yzg�#÷v�å^�"ù��{éN´*

Ð�QP¯K¥"�{Bå�§=�Ä�Ø��å�`z¯KXeµ

min
1
2

xT Gx+xT c s.t. Ax≥ b, (11.80)

ÙKKT^��µ

Gx+ c−AT
λλλ = 0 (11.81)

Ax−b≥ 0 (11.82)

(Ax−b)iλi = 0, i = 1,2, ...m (11.83)

λλλ ≥ 0. (11.84)

þª¥^� 11.82'�E,§�Ú\��t¶Cþξξξ ≥ 0òTªC¤���ª

�åÚ��Ø��åµ

Gx+ c−AT
λλλ = 0 (11.85)

Ax−b−ξξξ = 0 (11.86)

ξiλi = 0, i = 1,2, ...m (11.87)

(ξξξ ,λλλ )≥ 0 (11.88)

XJG´�½�§÷vþãKKT^��)(x∗,µµµ∗,λλλ ∗)7´¯K 11.89��

��Û�`)"òþã^��¤Xe{ü/ªµ

F(x,ξξξ ,λλλ ) =


Gx−ATξξξ + c

Ax−ξξξ −b
ΞΞΞΛΛΛe

= 0 s.t. (ξξξ ,λλλ )≥ 0, (11.89)

Ù¥ΞΞΞ = diag(ξ1,ξ2, ...,ξm), ΛΛΛ = diag(λ1,λ2, ...,λm),e = [1,1, ...,1]T"

S:{ÏLS�¦)ª 11.89¥�(x,ξξξ ,λλλ )¿�yz�Ú¦)÷v(ξξξ ,λλλ )≥
0"Ú�55y¥aq§·��^Úî{éþª?1¦)"�1kgS��C

þ���(xk,ξξξ k,λλλ k)§�Úî{kXe'Xµ
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∇F(xk,ξξξ k,λλλ k)


∆x|k
∆ξξξ |k
∆λλλ |k

=−F(xk,ξξξ k,λλλ k).

�\F(x,ξξξ ,λλλ )�äN/ª§kµ
G 0 −AT

A −I 0
0 λλλ k ΞΞΞ




∆x|k
∆ξξξ |k
∆λλλ |k

=


−(Gxk−ATλλλ k + c)
−(Axk−ξξξ k−b)
−(ΛΛΛ kΞΞΞ ke)

 .

)þã�§|��(∆x|k,∆ξξξ |k,∆λλλ |k)§=�O�k+1���Cþ�Xeµ

[xk+1 ξξξ k+1 λλλ k+1 = [xk ξξξ k λλλ k]+αk[∆x|k ∆ξξξ |k ∆λλλ |k],

Ù¥αk´�÷v�K�å(ξξξ k+1,λλλ k+1)≥ 0¤��Ú�"

11.3.5 ������������555`̀̀zzz

é����5��å`z¯K§��kò�å¯K=z�Ã�å¯K§

2^Ã�å¯K�¦)�{¦ÛÜ�`",�«�{´ò����5��å

`z¯K©)¤�X�ÛÜ`z¯K§z��ÛÜ`z¯K´���é{ü

�LP¯K½QP¯K"

11.3.5.1 ¨v{

ò�å¯K=z¤Ã�å¯K��«�{´òýé�å=z¤‘^�å’§

ò�å���¨v\\�8I¼ê¥§l
ò�å?Ö=z¤Ã�å?Ö"

�¨v�3Ã�å?Ö�8I¼ê¥'~�5�p�§^�åÅì\r§ª

���å?Ö"

�`z?ÖXeµ

min f (x) s.t. ci(x) = 0, i ∈ E ; ci(x)≥ 0, i ∈I (11.90)

éA�.�KF8I¼ê�µ

L(x,λλλ ) = f (x)−∑
i∈E

λici(x)− ∑
i∈I

λici(x) s.t. λi ≥ 0 i ∈I . (11.91)



11.3 ��å`z¯K lxv

ò?Ö¥��å^���¨v�\\�8I¼ê f (x)¥§l
ò�å?Ö=
z¤Ã�å?Öµ

min f (x)+
µ

2 ∑
i∈E

(ci(x))2 +
µ

2 ∑
i∈I

([ci(x)]−)2 (11.92)

Ù¥µ´¨vXê§(ci(x))2L¡�ª�å���Ý§[ci(x)]−=max(0,−ci(x))L
��K�å���Ý"

w
´�§µ��é���å�¨v��§Ã�å?Ö11.92���å?

Ö11.90��C¶�µ → ∞�§�öª��Ó)"ò�å?Ö=z�Ã�å?

Ö§�¿©|^Ã�å?Öþ®���«`z�{§4��B
é�å?

Ö�¦)"3¢S¢y�§Ï~k������µ§ÄuT�éÃ�å¯K

11.92¦Cq)§±dCq)��å:§O�µ�¦)#�ÓÃ�å¯K"X

dS�?1§��Âñ"

ª 11.92¥�¨v�´��5�§Ïdþã�{�¡���¨v�{

£Quadratic Penalty Method¤",�«~^�¨v´��5�§=µ

min f (x)+µ ∑
i∈E
|ci(x)|+µ ∑

i∈I
[ci(x)]−, (11.93)

Ù¥µ´¨vXê"�±y²§�µv
��£äN`§�u���.�KF

¦f¤§���å¯K 11.90�)�´¯K 11.93�)£y²�� [8], Theorem

17.3¤"

11.3.5.2 O2.�KF�{µ�ª�å

�µ�k���§ÏLé��¨v�8I¼ê?1`z���xw,¿Ø
��÷v��5^�"Äk�Ä=�¹�ª�å��¹§Ù`z?Ö�µ

min f (x) s.t. ci(x) = 0, i ∈ E

Ù.�KF8I¼ê�µ

L(x,λλλ ) = f (x)−∑
i∈E

λici(x).

éT?Ö�E���¨v�8I¼êµ

Q(x; µ) = f (x)+
µ

2 ∑
i∈E
||ci(x)||2,
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Ù¥µ´¨vëê"éþª?1`z��x̃§�±y²ci(x̃)XÚ/ l":µ

ci(x̃)≈−λ
∗
i /µ ∀i ∈ E .

ù`²éQ(x; µ)ØØXÛ`zÑÃ{÷v�å^�"XJ�±�O�«�

¨v�8I¼ê§Ù`z:x̃é�å���§Ý��§K�Äu�f�¨v
£µ��¤���Ð�(J"

O2.�KF�{£Augmented Lagrangian Method¤=´ù«�{"Ï

Lé�.�KF8I¼êL(x,λλλ )�Cq¼ê?1��¨v,�¦���x̃�Î
Ü�å^�"O2.�KF�{�8I¼ê/ªXeµ

LA(x;λλλ ,µ) = f (x)−∑
i∈E

λici(x)+
µ

2 ∑
i∈E
||ci(x)||2. (11.94)

Ú��¨v�8I¼êQ(x; µ)�'§LA(x;λλλ ,µ)¥\\
���å�∑i∈E λici(x)"
\\ù���8I¼ê�/ª�Óu3�.�KF8IL(x,λλλ )þ\\
��
��¨v"AO5¿�´§ùp�λλλ´��ëê§¿Ø´��ÚxÓ�`z�
þ§ÏdLA(x;λλλ ,µ)¿Ø´é�.�KF8I���¨v§
´éT8I�

��Cq¼ê���¨v"

ÚQ(x; µ)�'§LA(x;λλλ ,µ)�4�~�ci(x̃)���§Ý"�`²ù�:§
ª 11.94�`z�x̃I�÷vµ

∇LA(x̃;λλλ ,µ) = ∇ f (x̃)−∑
i∈E

[λi−µci(x̃)]∇ci(x̃) = 0. (11.95)

Ó�§é�.�KF8IL(x,λλλ )?1`z�§kµ

∇L(x∗,λλλ ∗) = ∇ f (x∗)−∑
i∈E

λ
∗
i ∇ci(x∗) = 0. (11.96)

'�ª 11.95Úª 11.96§��XJ-λiÚλ ∗kXe'Xµ

λi−µci(x̃) = λ
∗
i ∀i ∈ E (11.97)

KéLA(x;λλλ ,µ)`zò��ÛÜ�`)x∗§d�é�å���§Ý�µ

ci(x̃) =−
1
µ
(λ ∗i −λi) ∀i ∈ E .
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w,§��λλλ�λλλ ∗v
�C§c(x̂)é�å���§Ýò�Cu"§
Ø7µ�

�Ã¡�"Ïd§·�F"λλλA¦�U�λλλ ∗� ",
§O�λλλ ∗¿ØN´

£ÄK��`zL(x,λλλ ∗)=���x∗¤"ª 11.97�·�Jø
�«S��{µ

λ
k+1
i = λ

k
i −µkci(x̂k) ∀i ∈ E , (11.98)

=ÏLS�¦λλλ k+1�Cλλλ ∗"ù�S��{¡�O2.�KF�{£Augmented

Lagrangian Method¤"�{ 3�Ñ�¹�ª�å�O2.�KF�{�L§"

1 Initialization: µ0 > 0;λλλ 0;

2 for k:=1,2,... do
3 Solve x̂k by minx LA(x;λλλ k,µk);

4 if Converged(x̂k) then
5 Return x̂k;

6 end
7 else
8 λλλ k+1 = λλλ k−µkc(x̂k);

9 Set µk+1 ≥ µk;

10 end

11 end

Algorithm 3:�¹�ª�å�O2.�KF�{"

11.3.5.3 O2.�KF�{µØ��å

O2.�KF�{Ó��^uØ��å§�Ù?ÖXeµ

min f (x) s.t. ci(x)≥ 0, i ∈I , (11.99)

éA�.�KF8I¼ê�µ

L(x,λλλ ) = f (x)− ∑
i∈I

λici(x) s.t. λλλ ≥ 0. (11.100)

5¿=¦�¤.�KF8I¼ê§Ù¥�Cþλλλ�´É�å�"·���{

ò¤k�å�38I¼ê¥"�«�{´½ÂXe8I¼êµ

F(x) = max
λλλ≥0

{
f (x)− ∑

i∈I
λici(x)

}
.
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N´�y§�x?uÜ{��§kF(x) = f (x)§ÄKkF(x) = ∞"Ïd§�I

éF(x)?1��z§=��� f (x)3�å^�e��`)"�F(x)Ø´ëY
�§Ï
Ø·ÜS�¦)"�«�{´éù�¼ê?1²wz§Ú\��

éλλλ ∗��Oλλλ k§¦�3éλλλ���z�ØUlλλλ kL�"äN/ªXeµ

F̂(x) = max
λλλ≥0

{
f (x)− ∑

i∈I
λici(x)−

1
2µ

∑
i∈I

(λi−λ
k
i )

2

}
. (11.101)

þª¥§XJλλλ k = λλλ ∗§K���`z��x∗§ÄK�O�λλλ k+1§¦��\�

Cuλλλ ∗§ù�´O2.�KF�{�Ä�g´"¯¢þþª¥`z�λ̂i´�

±��O�Ñ5�§(JXeµ

λ̂i =

0 i f − ci(x)+λ k
i /µ ≤ 0

λ k
i −µci(x) otherwise

. (11.102)

�λλλ k+1 = λ̂λλ§=���éλλλ ∗�Ð�Cq�"dd§·���O2.�KF�

{3Ø��åe��{/ª§X�{ 4¤«"

1 Initialization: µ0 > 0;λλλ 0;

2 for k:=1,2,... do
3 Solve x̂k by minx F̂(x,λλλ k,µk);

4 if Converged(x̂k) then
5 Return x̂k;

6 end
7 else
8 Set λλλ k+1 by Eq.11.102;

9 Set µk+1 ≥ µk;

10 end

11 end

Algorithm 4:�¹Ø��å�O2.�KF�{"
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11.3.5.4 SQP

^S��5y£Sequential Quadratic Programming¤´��5�å¯K�

,�«p�){§ÙÄ�g´´é.�KF8I¼ê?1ÛÜ��Cq§¿

é�å�ÛÜ��Cq§ddO�ÛÜ�`�xkÚéA�.�KF¦fλλλ k"

�{Bå�§�,l�ª�åm©?Ø"�`z¯KXeµ

min f (x) s.t. c(x) = 0, (11.103)

Ù.�KF8I¼ê�µ

L(x,λλλ ) = f (x)−λλλ
T c(x). (11.104)

éþª?1`z§`z�(x,λλλ )A÷vµ

F(x,λλλ ) =

[
∇ f (x)−A(x)Tλλλ

c(x)

]
= 0, (11.105)

Ù¥A(x) = [∇c1(x) ... ∇cm(x)]T�3�åþ�FÝ"éþª�^Úî{¦)"
��c)�(xk,λλλ k)§�PAk = A(xk),Lk = L(xk,λλλ k)§Kkµ[

∇2Lk −AT
k

Ak 0

][
∆x
∆λλλ

]
=

[
−∇ f (xk)+AT

k λλλ k

−c(xk)

]
. (11.106)

�±y²§XJAk´1÷��§�∇2L(x,λλλ )3��^������´�½
�§Kª 11.106k(½)"��∆xÚ∆λλλ�§=�3# �O�∇2LkÚAk"

þãí�L§^
Úî�{§
T�{Äu��Cq§Ïdþ¡úª

¯¢þ´éL(x,λλλ )?1��Cq�`zL§"���Ùw�ù�:§·�
òL(x,λλλ )3(xk,λλλ k)?���Cq§¿é��^�c(x)3xk ?���Cqµ

L(p)≈ Lk +pT
∇Lk +

1
2

pT
∇

2Lkp

c(p)≈ ck +Akp

�`z¯K=z�ÛÜQP¯Kµ

min
p

L(xk +p,λλλ k)≈ Lk +pT
∇Lk +

1
2

pT
∇

2Lkp s.t. Akp+ ck = 0.

�∇2Lk´�½Ý
�§þãQP¯Kk��)(pk, `̀̀k)§Ù¥`̀̀k´.�KFÏ

f"ù�)éA�KKT^��µ
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∇
2Lkpk +∇Lk−AT

k `̀̀k = 0

Akp+ ck = 0

duAkp+ ck = 0§∇LT
k p = ∇ f T

k p§Ïdkµ

∇
2Lkpk +∇ fk−AT

k `̀̀k = 0.

òþª�¤Xe/ªµ[
∇2Lk −AT

k

Ak 0

][
pk

`̀̀k

]
=

[
−∇ f (xk)

−c(xk)λ

]
(11.107)

Úª11.106�é'��µ

−AT
k ∆λλλ −AT

k λλλ k =−AT
k `̀̀k

Ïdkµ

`̀̀k = λλλ k +∆λλλ = λλλ k+1.

dd��ÄuÚî{����#úª 11.106¯¢þÚéL(x,λλλ )Äu�c
)(xk,λλλ k)�éx��gCq§¿é�åc(x)���Cq���(J´���"
dd§·��±���¹�ª�å�SQP�{§X�{ 5¤«"

1 Initialization: x0,λλλ 0;

2 for k:=1,2,... do
3 Compute fk,∇ fk,∇

2Lk,ck,Ak;

4 Compute (pk, `̀̀k) by solving 11.107;

5 xk+1 = xk + pppk;

6 λλλ k+1 = `̀̀k

7 end

Algorithm 5:�¹�ª�åSQP�{"
þãé.�KF8I¼êÚ�Ø���½��Cq�g´äk­�¿

Â§Ï���¢yù�Cq§=�|^3��5y�!¥?Ø�p��{¦

)"ù�g´��±�Ï·�òSQP*Ð��¹���å��¹"�kXe

��5`z¯Kµ

min f (x) s.t. ci(x) = 0, i ∈ E ;ci(x)≥ 0, i ∈I .
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éþª�.�KF8I¼ê���Cq§é^����Cq§kµ

minp L(xk +p,λλλ k)≈ Lk +pT ∇Lk +
1
2 pT ∇2Lkp

s.t. pT ∇ci(xk)+ ci(xk) = 0, i ∈ E ;

pT ∇ci(xk)+ ci(xk)≥ 0, i ∈I .

(11.108)

þª´����5Ø��å���`z¯K§�±^?Û�«��5y�

{¦)§��`z�pkÚ`̀̀k§=�O�xk+1Úλλλ k+1"Ïd§�{ 5¤«�6

§���*Ð��¹Ø��å��¹§�IÄuª 11.108L«�QP?ÖO

�(pk, `̀̀k)"

��`²�´§SQP�´��{ü�O�µe§3¢S¢y�I��Ä

�«E,¯K§AOSQPÄuÛÜ��Ú��Cq§dd���ÛÜ)�7

3Ü{�¥"Ï
�UI�æ^�5|¢!&?���{5�yÛÜ)�Ü

n5§��UI�µ�ù
ÛÜ)é�å^��÷v§Ý§±dû½´Ä�

ÉT)"

11.4 �Ù�(

3ÅìÆS¥§ý�õê�.�8I¼ê�~E,§XÛéù
8I¼

ê?1`z±�¤�.Ôö´��­��K"�Ù0�
ÅìÆS¥~^�

A«`z�{"oN5`§ù
`z�{�©�Ã�å`zÚ��å`zü

«"éuÃ�å`z¯K§��kü«`züÑµ�5|¢Ú�&�`z"

cöÄké���Ün�`z��§2(½3T���Ú�¶�öÄk(½

��&?�§3ù�&?�S�Ov
°(�Cq¼ê§¿éTCq¼ê?

1`z"ùü«üÑ¯¢þÑÄuÓ�«g´µé�¼ê?1��½��C

q§cöÄu8I¼ê�ÛÜFÝ&E§;.�XSGD�{§�öÄu8I

¼ê�ÛÜ­Ç&E§;.�XNewton�{"��Cqw,�\°(§�O

�þ�p"[Úî�{§XBFGS§SR1�^��&E�Cz�[��&E§

Ï~�Ç�p§·Ü��5��`z?Ö"�VÐm´Ã�å`z?Ö�Ø

%"

éu��å?Ö§.�KF¦f{´¤k�{�Ø%"ù��{�Ä�

g´´ò��å?Ö=z¤Ã�å?Ö"éu��¹�ª�å�?Ö§.�

KF¦f{�òk�å?Ö��=z¤Ã�å?Ö¶éu�¹Ø��å�?

Ö§Äu.�KF¦f{?1`z�Cþ��K�å�,�3"�
k�?

nù��å§ïÄöJÑ-u8£Active Set¤�{ÚS:{£Interior¤ü«
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�{"-u8{�EØ��å�-u�å§÷ù
�å(½�f«�?1`

z¶S:{¦).�KF8I¼ê�KKT^�§ÏLS�Åì÷vKKT�ª

^��Ó�§�yØ��å��÷v"-u8{ÚS:{éu��5y?Ö

Ú��5y?ÖÑkp�¢y�{"éu����å���55y?Ö§�

±3`z8I¼ê�\\é���å�¨v§¿Åì\�¨våÝ§±÷v

�å��¦¶�Jp�å3`zL§¥���Uå§3þã�{¥�±\\

Cq.�KF¦f�§=O2.�KF�{£Augmented Lagrangian¤"é�

���å?Ö?1`z�,�«g´´é8I¼êÚ�å^�?1ÛÜ��

½��Cq§l
�|^��5y½��5y¥�p��{¦ÛÜCq)"

ÄuÛÜCq)§�ÅìªCÛÜ�`)";.�XSQP�{"

�Ù?Ø�`z�{�´¯õ`z�{¥4���Ü©§�´·��&

ù
®²�±4·�é`z¯Kk�ÐÚVg§¿éØÓ`z�{�é'`

³k
ÐÚ<�"¯¢þ§ÅìÆSïÄö�ý­é¢S?Ö�Ünï�¿

ÀJ·^uT�.�p�`z�{"�u�{��§ê�`z;[�®²�


�~�\ïÄ§�kéõ^�]
�|^§ÅìÆSïÄÄkAT|^ù


Qk¤J±\¯ïÄÚx"

11.5 �']


• �Ùý�Ü©SNë�
Jorge NocedalÚStephen J. Wright�Í�5Numerical

optimization6 [8]"

• 'uÄ:`z�{��[�`²�ë� [5, 1, 3]"

• 'uà`z¯K�ë�Boyd�<�Í�5Convex optimization6 [4]"

Boyd�Jø
�A�MatlabO��CVX [6]"

• Nesterov�<2013c�Í�5Introductory lectures on convex optimization: A

basic course6 [7]�´ÆSà`z�Ø�]�"

• 'u��å`z§�ë�Bertsekas2014c�Í�5Constrained optimization

and Lagrange multiplier methods6 [2]"
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