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Chapter 2

�5�.

�5�.´ÅìÆS¥�{ü!�´�~^��."¤¢�5§3ØÓ

+�ÚØÓA^|µekØÓ�¹Â"·�¤?Ø��5§´�Cþmäk

Xe{ü/ªµ

t = Wx, (2.1)

Ù¥§xÚtL«ü�õ�Cþ§W��.ëê"�5�.�,{ü§�3Å
ìÆS¥k­�¿Â"Äk§�5�.{üp�§N´¢y¶Ùg§éõ¢

S¯KÑäkoÑ��55§AO´3ÀJ
Ün�A�J��ª��§ù

��55¬��²w§¦��5�.®²v±�?ó�¶��§�5�.ë

ê��§·A5r§äkér��zUå"Ïd§�·�¡é��ÅìÆS

¯K��ÿ§Äk��Ä�Ò´�5�."

�Ù·�ò?ØA«{ü��5�.µ�«´�5ýÿ�.§�)�5
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x 2 �5�.

t = Wφφφ(x), (2.2)

Ù¥φφφ(·)Ï~´��5�"l�.�Ýw§ØØ´Äu�©êâ�´ÄuC
���êâ§�.��5á5Ú`z�{vk«O§�C�φφφ �Ú\(¢ä

k­�¿Â§§¦�éõ3�©Cþ�mpÃ{^�5�.)û�¯K3C

��m¥�±Ün)û"e¡·�l{ü�õ�ª[Ü¯Km©?Ø"

2.1.1 lllõõõ���ªªª[[[ÜÜÜ`̀̀ååå

b����)N����êâ8D= {(xn, tn) : n= 1,2, ...,N}§Ù¥xnÚtnÑ

´���§�tn�xnéA�8I�"·��?Ö´ÆS��ýÿ¼êy = f (x)§

¦Ùéêâ8D¥?���xn�ýÿ(J¦�U�Ctn"XJ�½Týÿ¼ê

�Mgõ�ª§K��ýÿúª�µ

y(x;w) = w0 +w1x+w2x2 + · · ·+wMxM =
M

∑
j=0

w jx j, (2.3)

Ù¥w = [w0,w1, . . . ,wM]T´z��õ�ªéA�ýÿXê"ã 2.1�Ñ�

�M = 1�ýÿ¼ê§T¼ê´�^±w0��å§±w1��Ç���"

x

t

Fig. 2.1 õ�ª[Ü����5ýÿ¼êy(x;w) = w0 +w1x"



2.1 �5ýÿ�. xi

�½ýÿ�./ª£õ�ª���êM(½¤§I�éýÿXêw?1`
z"�d§I½ÂØ�¼ê¿ÏL?UëêwéTØ�¼ê?1`z"��
½ÂÔö8Dþ�²�Ø��Ø�¼ê§úªXeµ

E(w) =
1
2

N

∑
n=1
{y(xn;w)− tn}2. (2.4)

5¿TØ�¼ê´w�¼ê"òª 2.3�\þª§k:

E(w) =
1
2

N

∑
n=1

(
M

∑
j=0

w jx j
n− tn)2.

éz�ëêwk¦ �ê¿-Ù�u"§��µ

N

∑
n=1

xk
n

M

∑
j=0

w jx j
n =

N

∑
n=1

tnxk
n k = 0,1,2, ...,M

�n�µ
M

∑
j=0

w j

N

∑
n=1

xk+ j
n =

N

∑
n=1

tnxk
n k = 0,1,2, ...,M

Ðm�¤µ


w0 ∑

N
n=1 x0

n + w1 ∑
N
n=1 x1

n + ... + wM ∑
N
n=1 xM

n = ∑
N
n=1 tnx0

n

w0 ∑
N
n=1 x1

n + w1 ∑
N
n=1 x2

n + ... + wM ∑
N
n=1 xM+1

n = ∑
N
n=1 tnx1

n

... ... ... ... ...

w0 ∑
N
n=1 xM

n + w1 ∑
N
n=1 xM+1

n + ... + wM ∑
N
n=1 x2M

n = ∑
N
n=1 tnxM

n

 .

�¤Ý
�ªkµ
∑

N
n=1 x0

n ∑
N
n=1 x1

n ... ∑
N
n=1 xM

n

∑
N
n=1 x1

n ∑
N
n=1 x2

n ... ∑
N
n=1 xM+1

n

... ... ... ...

∑
N
n=1 xM

n ∑
N
n=1 xM+1

n ... ∑
N
n=1 x2M

n




w0

w1

...

wM

=


∑

N
n=1 tnx0

n

∑
N
n=1 tnx1

n

...

∑
N
n=1 tnxM

n

 .

�±y²§þª¥�>Ý
´�_�§Ïdwk��)§=��`ýÿ
Xê"þã±õ�ª��¼ê/ªét = f (x)?1[Ü��{¡�õ�ª[

Ü"



xii 2 �5�.

XJòõ�ª[Ü¥�z��x jw�����5N�φ j(x) = x j§¿òg

Cþx*Ð�õ�Cþ§Kþãõ�ª[Ü�±*Ð����5[Ü�{"

���5N��ê�M§òN���Cþ�¤�þ�ª:

φφφ(x) = [φ0(x),φ1(x), ...φM(x)]T .

Ó�æ^²�Ø���Ø�¼êµ

E(w) =
1
2

N

∑
n=1
{wT

φφφ(xn)− tn}2. (2.5)

éþª�w��ê¿¦��"§=kµ

∇E(w) =
N

∑
n=1
{wT

φφφ(xn)− tn}φφφ(xn)

= w
N

∑
n=1

φφφ
T (xn)φφφ(xn)−

N

∑
n=1

tnφφφ(xn)

= 0.

�¤Ý
/ª§kµ

ΦΦΦ
T

ΦΦΦw =ΦΦΦ
T t,

Ù¥Φ�êâÝ
§z�1�L����§z���L����5N�§

=µ

ΦΦΦ =


φ0(x1) φ1(x1) ... φM(x1)

φ0(x2) φ1(x2) ... φM(x2)

... ... ... ...

φ0(x3) φ1(xN) ... φM(xN)

 ,

t�Ôö8¥¤kÔö���8I�|¤��þ§=µ

t = [t1, t2, ..., tN ]T .

dd���5[Ü��`ýÿëê�µ

w = (ΦT
Φ

T
Φ

T
ΦΦΦ)−1

ΦΦΦ
T t.
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þ¡í�¥b�8It´��Cþ§ù�í�éN´*Ð�8I´õ�Cþ

��¹§=ª£2.1¤¤«���/ª"d��.ëêØ2´���þw§

´��Ý
W"

�8c��§·�q�®²�{)û
�5[Ü¯K§ë�¹��5C

���5[Ü¯K���
(½)",
§��{ü�¯K´µ��o�¦

^²�Ø���Ø�¼ê
Ø^Ù§¼ê§'Xýé�Ø�ºe�!·�ò

Ú\VÇù�óä5)ºù
ÀJ"·�¬uy§²�Ø�¯¢þéA�´

Ôöêâ¥��«pdØ(½5"

2.1.2 ���555£££888

A�¤k¢S¯K¥Ñ�3�Å5½Ø(½5"ù
Ø(½5�U5g

u*ÿÃã�Ø°(§��õ5g·�éêâ��n)þ�Û�5"~X�

·��	�el�®� þ°��Å�§�±w�Ù�1;,oNþ´�^

²­�­�§�[�*	§Ò¬uyéõØ(½5"ù
Ø(½5k
5g

f¨
�gÌö�§k
5guÄÅ=Ä��Ø­½§k
5g�1L§¥

���í6!�ù��K�§�k�5gÅòS¦��¹Ä§��"b�·

�U�Ä�¤kù
[!§�ÄåÆ�Ñ��
���§|§K�1L§¥

�ý�Ü©Ø(½5´�±)º�",
§3¢SA^¥§�Ä�¯K�E

,Ý§Ø�Uéù
[!��ï�¶=B·��ùo�§�Ø�U¡¦¤k

K�Ï�§o¬k
Ï��Ñ·���Ä��Ún)Uå"Ïd§3?n�

�?Ö�§·�Ø�Ø�Ñéõ[!¶��·��Ñù
[!§Ò�)
Ø

(½5"ù¿�XØ(½53¤k¢S¯K¥Ñ´Ø�;��"

ù�!·�òÚ\VÇ�.5�Ï·�£ãù
Ø(½5§¿dd��

ÄuVÇ��`)"VÇ�.�Ú\´ÅìÆS{¤þp§
ª�¯�§�

Ö¥A�¤kÙ!Ñ�7VÇÐm"Ò�Ù
ó§VÇ�{�4·�é�5

�.k����n)"ù�n)kÏu·�ò�5�.Ú�5�?Ø�E,

�.éXå5§¿Äudéyk�.Ú�{?1XÚz�`zÚ*Ð"

£��c��5[Ü?Öy = wTφφφ(x)"·�F"[Ü���ýÿ�yÚ8

ICþt��q�Ð§ÏdJÑ
Äu²�Ø��`zOK"y3·�b�µ

y�t�¤±�3�O§´Ï�*	�tdu««�Ï´�Å�§Ø(½�"Ø

Ø�)ù«�Å5��Ï´�o§·�b�ù��Å5ÎÜ��±0�þ�§

±β−1����pd©Ù"Ú\���ÅCþε 5L«ù��Å5§Kkµ



xiv 2 �5�.

t = y(x;w)+ ε

= wT
φφφ(x)+ ε, (2.6)

Ù¥ε ∼ N(0,β−1)"

úª 2.6�E
��dx�*	�t�)¤�.µÄk§dÑ\Cþx²L
��5N�)¤A��þφφφ§2²L�5N�)¤ýÿy§��\\��pd

D(��8I�*	�t"ù��.¡��5£8�.£Linear Regression)"

¤¢£8§´�éÑ\CþxÚ8ICþt�m�p�6'X�ÚO©Û"ã

2.2�Ñ
3��Ñ\Cþ�¹e§�5£8�.)¤8ICþ�«¿ã"

Fig. 2.2 �)¤¼ê�y(x;w) = w0 +w1x§8I�tÑl±y(x;w)�¥%�pd©Ù"

�½��Ñ\Cþx§�±Äuþã�5£8�.O�éA�8I*	
�t�)¤VÇµ

p(t|x;w,βββ ) = N(t|y(x;w),β−1).

XJ·�ò(x, t)�����N§Kþª�´T��|3ù��.e�)¤V
Ç"é�½�Ôö8D = {(xn, tn) : n = 1,2, ...,N}§T�.)¤ù�êâ8�
oVÇ�µ

p(D;w,β ) =
N

∏
n=1

N(tn|wT
φφφ(xn),β

−1). (2.7)
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þª´wÚβ�¼ê§��¡�q,¼ê"w,§�.é,�êâ8�£ãU

å�r§KT�.)¤ù�êâ8�VÇ��§q,¼ê�����"Ïd§

XJ·�Ué��|ëê¦�q,¼ê����z§K�¢yT�.3)

¤VÇ¿Âþ��`z"ù�`zOK¡���q,£Maximum Likelihood,

ML¤OK§�A�`z�{¡���q,�O"��q,�O�/ªzX

eµ

{wML,βML}= argmax
w,β

p(D;w,β ).

é�5£8�.���q,�O�ÏLéTq,¼ê� �ê�":�

�"�O��B§òq,¼ê�éê§¿�\pd©Ù�VÇúª§kµ

ln p(D;w,β ) =
N

∑
n=1

ln{N(tn|wT
φφφ(xn),β

−1)}

=
N
2

lnβ − N
2

ln(2π)−βE(w),

Ù¥cü��wÃ'§1n��:

E(w) =
1
2

N

∑
n=1
{tn−wT

φφφ(xn)}2.

Ïd§éw���q,�O�duéE(w)���z"c[*	uy§E(w)�

´ª£2.5¤¤½Â�²�Ø�"ù¿�X��q,�O¯¢þ�du�5[

Ü"

c[*	q,¼êp(D;w,β )§�±w�E(w)�5gpd©Ù¥��ê

�e
β

2 (t−wT φφφ(x))2
§ù`²�5[Ü¥�²�Ø�¯¢þb�
8I*	�¥�

D(ÎÜpd©Ù"��¡§ù`²²�Ø�´Ün�§Ï�Äu¥%4�

½n§pdD(´�{ü�´�y¢�D(¶,��¡§ù�`²VÇ�.

´�«�k��ï��ª"3vkÚ\VÇ�.�§·�¿Ø�Ù²�Ø�

éA�êâ©Ù�¹§ÏdéTØ��Ün5ØÐ�ä"��·�Ú\
V

Çóä§òù�Ø�Úpdb�éXå5§=����n)ù�Ø��Ün

5�Û�5"dd§�êâD(ØÎÜpd©Ù�§ÄuVÇ�.�±�ä

N�¹�O�Ün�Ø�¼ê"·�3e¡A!¬�Ew�aq�¹µ�Ú

\VÇ�.�§·�âééõDÚ�{k����n)§@£�ù
²��

O���b�Ú¹Â§²(z�«�{�·^��Ú"�§?
JÑU?Ú

*Ð��{"
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y34·��¤�5£8�.�?Ø"`zw�L§Ú�5£8�{�
��Ó§·�=�ÑÙí�/ª"ÄkO�þã²�Ø��FÝµ

∇wE(w) =
N

∑
n=1
{wT

φ(xn)− tn}φφφ(xn)
T . (2.8)

þª`²TØ�¼êéw�FÝdýÿ�Ú*	��m��É��§±ù

�É��­éÑ\Cþ�þ�=���.3�cëêe�FÝ"�TFÝ�

"§)�wXeµ

wML = (ΦΦΦT
ΦΦΦ)−1

ΦΦΦ
T t.

Ù¥eIMLL²T)Äu��q,OK��"Ón§éβ¦�¿-�ê�

"§kµ

∇β ln p(D|w,β ) =
N
2β
−E(w) = 0.

�\w���q,�OwML§��µ

1
βML

=
1
N

N

∑
n=1
{tn−wT

MLφφφ(xn)}2. (2.9)

5¿� 1
β
¯¢þ´pd©Ù���§þª`²§éT�����q,�O�

u£8�.éÔöêâ?1ýÿ���ýÿí�"

b�·�®²ÏLþã��q,�O��
���5£8�.Xeµ

t = wT
φφφ(x)+ ε,

XÛÄuT�.ýÿ��#�Ñ\Cþx′ �8It ′ QºÄk5¿�·���

��.�¹���ÅCþε§Ïd´���Å)¤�.§T�.é��(½

�Ñ\x′¿vk��(½�ýÿt ′§
´�Ñt�VÇp(t|x)"�¡·�¬w
�§ù«ÄuVÇ�ýÿé��£ã���ÅXÚäk­�¿Â§�y3·

��F"�Ï~�ýÿ�.��k�(½�ýÿ�"�«�{´¦ýÿ�Ï

"§�O�Xeµ

E[t ′|x′] =
∫

t p(t ′|x′)dt = y(x′;wML) = wT
MLφφφ(x′).

��§TýÿÚ�5[Ü�ýÿ(J´���§Ó��´ÄuT�5£8�

.���VÇ���ýÿ�"
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��¯K´§pd©Ù´�`ÀJíºù�UI�(Üêâ�¢S©Ù

�¹"'X�êâäkér���A5�§Ò�U��Ä�Student-t©Ù½

.Ê.d©Ù"��5`§XJ·�éêâ�A5
)�¿Ø�Ù§pd©

ÙÏ~´ÜnÀJ",
§k�«�¹I�·�7L�Ä�pd©Ùµ�8

It´lÑ�§Kpd©Ùw,´Ø·Ü�§ù�I�^lÑ©Ù5£ãêâ

¥�D("e!�?Ø�Logistic£8�.=´ù«?nlÑD(��."

þã?Ø¥·�b�8ICþt´üCþ"Ó���{éN´*Ð�õ

Cþ�¹¶Ó�§ε�±@�´Cþx��Ü©§Ïd�5£8�.¯¢þ´
IO�5�.t = Wφφφ(x)�AÏ/ª§Ù¥x�Ü©´��Cþ§,�Ü©K
´Ø���£=ε¤§¡�ÛCþ£Latent Variable¤"3�5VÇ�.�!¥

·�¬w�x�´ÛCþ��¹"

2.1.3 FisherOOOKKK������555©©©aaa

3©a¯K¥§�½Ñ\�þx�A�φφφ = φφφ(x)§·�F"©aìUýÿ
TÑ\¤á�aOt"oN5`§©a¯Kkn«�U�¦)�{µ

• «©¼ê{µ�O��«©¼ê f (φφφ ;w)§Äu,«OKéT¼ê?1`

z§?
��©a¡"�L5�{XFisher�5©a¼ê"��5[Üa

q§ù��{Äu<�½Â�OK§vk�ÄVÇ¿Â§��*{'"

• )¤5VÇ�.{µéz�aCkïá��ÚO�.p(φφφ |Ck;w)§3©a�

�	ÿÁ��3z��.þ�VÇ§2Äu��dúª��áu,�a�

��VÇP(Ck|φφφ)"ù��{�6�.b��¢Sêâ�êÜ§Ý§b�
�Ün§©a5U�Ð"

• «©5VÇ�.{µ��é��VÇP(Ck|φφφ ;w)ï�"ù��{Øéêâ

©Ù�wªb�§�'5©a¡§3©a¡'�E,�?Ö¥�k`³"

�!·�lFisher«©¼êm©?Ø [5]"�{B§·��?Ø�©a

¯K§��'(Ø�±*Ð�õ©a¯K¥"�N�Ôö��{(φφφ n, tn) : n =

1,2, ...,N}§Ù¥tn ∈ {C1,C2}§C1ÚC2�üa"ù
:ÏL���5N�ÝK

����my:

y = wT
φφφ , (2.10)

Ù¥w´N�ëê"XJÄuTÔöêâUÆS��`z�w§¦�ØÓa
�Ôö��3N��mp�«©5��§KÄuª 2.11=�����{ü�

©a¼ê"FisherOK½Â
Xe«©5Ýþµ



xviii 2 �5�.

J(w) =
m2−m1

S2
1 +S2

2
, (2.11)

Ù¥m1,m2´C1ÚC2���:3N��mp�þ�§S1ÚS2´N��mp�

��"ª 2.11L²amål��§aS�©Ñ§Ý��§K�FisherOKù

üa�«©5�r"ùw,´ÎÜ�ú�"�\úª 2.10§kµ

J(w) =
wT SBw
wT SW w

, (2.12)

Ù¥SW´am���Ý
µ

SW = ∑
φφφn∈C1

(φφφ n−µµµ1)(φφφ n−µµµ1)
T + ∑

φφφn∈C2

(φφφ n−µµµ2)(φφφ n−µµµ2)
T ,

Ù¥µµµ1Úµµµ2´üa��3�êâ�m¥�þ�"SB´aS���Ý
§½Â

Xeµ

SB = (µµµ2−µµµ1)(µµµ2−µµµ1)
T .

Äuª£2.12¤éw?1`z§¦�∇wJ(w) = 0§�íÑ:

(wT SBw)SW w = (wT SW w)SBw.

5¿�(wT SBw)Ú(wT SW w)Ñ´Iþ§�:

SBw = (µµµ2−µµµ1){(µµµ2−µµµ1)
T w}

∝ µµµ2−µµµ1, (2.13)

Kkµ

SW w ∝ µµµ2−µµµ1.

XJSw÷�§Kk

w ∝ S−1
w (µµµ2−µµµ1). (2.14)

þª¿�X�k«©5���wAT´ùüaæ�:¥%ë%���§�

T��AÄuaS��Ý
?1N�"þãÄuFisherOK��5�.�

�¡��5�O©Û£Linear Discriminate Analysis, LDA¤"ÏL�OÜn

�FisherOK§LDAéN´*Ð�õ©a¯K [4]"
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FisherOK�Ün5´w,�§�·�-�
��5[ÜÓ��¯Kµ

��o�ÀJù�OK§Ù§OKØÐíº�£�ù�¯K§4·���«

g´§^�5[Ü5¦)«©¼ê"

�aC1¥���ê�N1§C2¥���ê�N2§�ö\å5��N�Ô

ö��:"éC1¥���:§�Ù8It = N/N1§éC2¥���:§8I

�t =−N/N2"K�5[Ü�Ø�¼ê�µ

E(w) =
1
2 ∑

φφφn∈C1

(wT
φφφ n−N/N1)

2 +
1
2 ∑

φφφn∈C2

(wT
φφφ n +N/N2)

2.

�∇wE(w) = 0§k:

∑
φφφn∈C1

(wT
φφφ n−N/N1)φφφ n + ∑

φφφn∈C2

(wT
φφφ n +N/N2)φφφ n = 0.

�n��µ

(SW +
N1N2

N
SB)w = N(µµµ1−µµµ2).

dª 2.13��§SBw�µµµ2−µµµ1 Ó�§ù`²µ

w ∝ S−1
w (µµµ2−µµµ1),


ù�´úª 2.14¤«�Fisher«©¼ê�)"

4·�În�eþ¡�ínÜ6µ·�F"����©a¼ê§¦�

ØÓa�m�«©5��§�d·�½Â
��±w�ëê��5N�§¿
½Â
FisherOK5`zw"3ù�L§¥§·�¿vkLõ�Ä��oÀ
JFisherOK§�´�úþú�ù�OK½Â
��Ün�«©5IO",


§²Lí�§·�uy3þã�©a¯K¥§�FisherOK���N�¼

êÚÄu�5[Ü���N�¼ê´�d�"dþ!?Ø��§�5[Ü�

dup(t|φφφ)�pd©Ù��5£8§ù`²Fisher�{¯¢þb�
©a?Ö

¥�aOIP´pd�"ùw,´Ø�Ün�"

ù�pd©Ùb��5©a¡þ� �"Xã 2.3¤«§Ù¥üaêâ

:©OI�1Ú0§þ�©O3µµµ1Úµµµ2"�~�¹e§z�a3�gþ�N

C©Ù"��5[Ü£�duFisherOK¤`z[Ü¼ê�§ÆS8I´�

��:�[Ü���ål²�Ú��£TålXã¥J�¤«¤§���©

a¡XÉ�¤«"�Ñy�
ÛÉ:�£I�ùÚ¤§�
ì�ù
©a:§

[Ü��7L�~�CY²£ù�¤§ù¦�ýÿéêâCÄØ¯a§��

am«©5eü"
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1

0

m1 m2

Fig. 2.3 Äu�5[Ü�©a�{"ã¥x:Úç:©áüa§êâ���§üaêâ©
OIP�0Ú1"XJvkÛÉêâ§[Ü���É�§XJ\\ùÚÛÉêâ£Óáç:

a¤§K[Ü�� �ù:§��am«©5eü"5¿ã¥[Ü��¿�©a¡§©a

¡I�êâ:3[Ü��þÝK�©Ù(½§Xã¥��þ�fÚ:¤«"

2.1.4 Logistic£££888

Äu�5£8�©a�{�¤±éÛÉ:£Xã 2.3¥�ù:¤¯a§

���*��Ï´ÛÉ:l[Ü����§Äu��²�Ø�OK¦�ù


ÛÉ:�K�L�"���U�)û�{´|^��5¼êéål?1

Ø §4L��:�)�K�eü",��¡§��:�8I��U�lÑ

�§Äupd©Ùb����²�Ø�¼êw,ØÜn"Logistic£8lù

ü�¡é�5£8?1?�§¦�·A©a¯K"

Ó�±�©a¯KÐm?Ø"�½���)N����Ôö8D =

{(φφφ n, tn);φφφ n} = φφφ(xn), tn ∈ {0,1}§Ù¥tn�ØÓ��LØÓa"Ø���5§

�b�1�LC1 a!0�LC2 a"Logistic£8b�tÎÜXeËã|©Ùµ

P(t|φφφ ;w) = y(φφφ ;w)t(1− y(φφφ ;w))1−t , (2.15)

Ù¥y(φφφ ;w)´φφφáuC1�ýÿ¼ê§½Â�µ

y(φφφ ;w) = p(C1|φφφ ;w) = σ(wT
φφφ), (2.16)

Ù¥σ(·)¡�Logistic¼ê§½Â�µ
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σ(a) =
1

1+ e−a .

5¿σ(·)ò¢ê�N��m«m(0,1)§�å���5Ø �^"Logistic¼

ê3ÅìÆSpA^�~2�§·�3�YÙ!¬ºYw�"5¿ýÿ¼ê

2.16�~�C�5�.§�ØL3�5ýÿ(J�\\
����5Ø "

ÄuLogistic¼ê�{ü5§·��±“Cq”@�ù��.�,´�«�5

�.§½¡�“C�5�.”"

Ú�5£8��§úª 2.15Úª 2.16½Â
��)¤L§µÄkéÑ

\x²L����5N�φφφ(·))¤A�§2²d���5N�wTφφφÝK���

Iþ�m§2²Lσ(·)Ø �(0,1)�m§��rTØ ���Ëã|©Ù�

ëê)¤8It"ù��.¡�Logistic£8�."'�Logistic�.Ú�5£

8�.§���öäk�q5§�O�´����5N�¼êσ(·)ÚËã|
©Ùb�"

Äuþã£8�.§�±^��q,�O5`z�.ëêw"Äk§½
Âyn�µ

yn = σ(wT
φφφ n) = p(C1|φφφ n).

�úª 2.15§����:(xn, tn)�VÇ�/ªz�¤Xe/ªµ

p(tn|φ n,w) = {yn}tn{1− yn}1−tn .

K3êâ8Dþ�q,¼ê�±L«�µ

p(D;w) =
N

∏
n=1
{yn}tn{1− yn}1−tn .

�O��B§�þãq,¼ê�Kéê��`z8Iµ

L(w) =− ln p(D;w) =−
N

∑
n=1
{tn lnyn +(1− tn) ln(1− yn)}.

ù�8I¼ê¡����"éT¼ê�éw�FÝ§¿|^'Xσ ′(a) =

σ(a)(1−σ(a))§�n���:

∇wE(w) =
N

∑
n=1

(yn− tn)φφφ n. (2.17)

ù¿�X���¼êéw�FÝ�ûuýÿ�Ú8I��m�Ø�"aq/
ª3�5£8p�ÑyL§�ª 2.8"5¿�´§òþãFÝ�"¿ØU�
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���w§Ï�Ù¥yn´w���5¼ê"�ª 2.17¥�Ñ�FÝO��{®

²v
·�æ^FÝeü{5éwÅÚ¦°
"
FÝeü{£Gradient Descend, GD¤´�«Ï^�¼ê`z�{"�k

¼ê f (w)§`z�8I´é���w∗¦�T¼ê����"FÝeü{l�
��Å�xm©?1S�`z§z�ÚtÀJ��¦ f (w)eü����§¿ 

T��c?Ú�ηt"Ï�¦ f (wt)eü�����=´ f (w)3wt :�FÝ�

�§ÏdT�{¡�FÝeü{"XJÚ�ηtÀ�Ün§FÝeü{�±�

yÂñ�ÛÜ�`"

|^GDéLogistic£8¥����¼êE(w)?1`z§z�ÚS��ë

ê�#úªXeµ

wt+1 = wt +ηt∇wE(wt).

��5`§η����Ð'��§�XS��?1�±Åì~�§��,�

����±�½"

ã 2.4�ÑÄu�5£8£Fisher«©¼ê¤ÚLogistic£8�3ü|�

�êâþ)¤�©a¡"�êâ©Ù'��~§vkÛÉ��§�±w�ù

ü«©a�{�Jé�q§��,�a¥ÑyÛÉêâ�§Logistic£8É

��K����õ"

Fig. 2.4 ÉÚ��ÚbÚ��©O´Logistic£8Ú�5£8�.éüa��êâ)¤�©

a¡"�ã¥�ü|êâ©ÙÑ'�8¥§ùü��.�Ñ�(J��Ø�¶mã¥Ñy


�
l©a¡���ÛÉ��§d��5£8�.�Ly²wC�§
Logistic£8�

.É��K����õ"
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2.1.5 Softmax£££888

Ó���{�A^�õ©a¯Kþ§¡�Softmax£8"Äuõ©a¯

K�5�§Softmax£8ò8Itd�©a¯K¥�Ëã|©Ù*Ð�õ�©

Ù£Multinomial Distribution¤§�A�L«�{�d0-1L«*Ð�One-hotL

«"�aO�K§Kòφφφ�8I�¤K ����þt§Ù¥�kφφφ¤áaOéA

��Ýk�1§Ù{�Ý�0"Äuù�L«§(φφφ , t)�VÇ��¤µ

p(φφφ , t) =
K

∏
k=1
{yk}tk , (2.18)

Ù¥yk = yk(φ ;w)´φφφáu1ka�VÇ, tk ´t31k����"5¿þª´

±(y1,y2, ...,yk)�ëê�õ�©Ù"Softmax£8½Â��Cq�5�VÇý

ÿ�.Xeµ

yk(φφφ ;W) = p(Ck|φφφ ;W) =
ewT

k φφφ

∑ j ewT
j φφφ

k = 1,2, ...,K

Ù¥wk´W�1k�§é1kaêâ?1ýÿ�ëê"þª�mýúª¡

�Softmax¼ê"ÚLogistic¼êaq§Softmax¼ê�´�«��58�¼

ê§�òõ�a��5ýÿÑÑ8�z�(0,1)�m§Ï
·Ü£ãVÇ�"

e¡·�¦ëêW���q,�O"dü��VÇúª2.18��éW�
q,¼êXeµ

p(D;W) =
N

∏
n=1

K

∏
k=1

p(Ck|φφφ n)
tnk =

N

∏
n=1

K

∏
k=1

[ynk]
tnk ,

Ù¥ynk = yk(φφφ n)"éþª�Kéê��õ©a¯K����Ø�¼êµ

E(W) =− ln p(D;W) =−
N

∑
n=1

K

∑
k=1

tnk lnynk. (2.19)

�þãØ�¼êéW�FÝ"5¿�Softmax¼ê��êkXe/ªµ

∂yk

∂a j
=

yk(1− y j) j = k

−yky j j 6= k

Ù¥a j = wT
j φφφ"dd���E(W)éW�FÝXeµ
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∇w j E(W) =
N

∑
n=1

(yn j− tn)φφφ n.

ù�FÝúªÚ�5£89Logistic£8�FÝúªäkÓ��ª§Ñ¿�X

ù���¯¢µØ�¼ê�FÝ�¤±�)§´Ï�Ôö���ýÿ�Ú8

I��m�3Ø�§¿�ù
Ø�ØUÏLêâ²þ��-�"ÚLogistic£

8��§·���6FÝeü�{¢yé���Ø�¼ê���z"

�d·�®²0�
�Ä���5�."ù
�.�,{ü§%´©Û

�E,�.�Ä:"·�AOrN�.�VÇ¿Â"DÚÄuÈ�`zO

K£X²�Ø�ÚFisherOK¤��.�{´�*�§�é�.���n)

¿Ø�\"Ú\VÇ¿Â±�§·�âuyÛõ3�«`zOK���©Ù

b�"@£ù
b�é·�n),«�{�`:ÚØvk­�¿Â"~X3

ã 2.4¤«�©a~f¥§FisherOK�¤±3ÛÉêâþ5Ueü§´Ï�

ù«�{éêâ�
pdb�§ù«b��¢Sêâ l���§�.Ò�

Ø·Ü"�·�òpdb��¤Ëã|b��§ù« �Ò�Å�
"XJ

·�éFisherOK���b�Ø
)§KéJuyù�¯K¿éÙ?1?�"

l,���Ýw§ù�J«·�3ÆS,«�.Ú�{�§n)ÙÄ:b�

�'í�`zúª�­�"

·���AOrN�e�!¥0����q,£ML¤OK"þ¡·�

!��«éA'X!êâ©Ùb��§�8c��Ñ´Äu��q,OK§

=�.éÔöêâ�VÇ��z"��q,w,´�«n5ÀJ§�¿Ø�

{"~X§·�²~F"ò�£Úêâ(Ü3�å§ù�ÒØ=��ÄÔö

êâVÇ��z§���Äk��£38I¼ê¥�'­§ù��OKÒØ

2´��q,§
´����£Maximum A Posterior§MAP¤"¯¢þ§¿

vk=«ÆSOK´ýé�`�§­��´¡éØÓ?Ö�ÀJT��O

K§¿�âêâ�©Ù�¹ÀJT���."

2.2 �5VÇ�.

c�!?Ø��5ýÿ�.b�Ñ\CþÚÑÑCþ´���§Äu

Ñ\Cþé8ICþ?1ýÿ"ù¯¢þ´ïá��^�VÇ�.p(t|x)"
y3·��Ä����¯KµXJ�·���t§´Ä�±ínÑxQºb
�xÚtÑ´��Cþ§K�Äuc�!¤ã��5ýÿ�.ép(x|t)ï�",

§3õêín?Ö¥x´Ø���§=ÛCþ£Latent Variable¤§ù�Ã{
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wªïá��téx�ýÿ�.§Ï
Ã{éx��ýÿ"�)ûùaín¯
K§·�Ï~ép(x)Úp(t|x)�©Ù/ª?1b�§Ôö�Äu��q,OK
¦)ù
©Ù�ëê§ín�|^��dúªO���VÇp(x|t)5ýÿx"

�±òþãL§/ªz§½ÂxÚt�mäkXe�5'Xµ

t = Wx+εεε,

Ù¥W´ëêÝ
,þª¥t,x,εεεÑ´�ÅCþ§©O�L*	þ!ÛCþÚ�

ÅD("ùp·�vk�Äxþ�C�φφφ(·)§Ï�x´�ín�Û¹Cþ§\
\C�òUC�.�5�"3tþ?1C�´�U�§��uA�J�L§"
�±òεεεÚx�3�å§K���{'��5/ªµ

t = Wx.

ù��.¡��5VÇ�."

5¿�5VÇ�.Ú�5ýÿ�.äkaq/ª§«O3u�5VÇ�

.¥x´Ø����ÅCþ§
3�5ýÿ�.¥x´���(½Ñ\"ù�
«Oé­�µ�xC¤ÛCþ±�§·�U*	��êâ�kt§ÏdÆS�
ªdiÒÆSC¤
ÃiÒÆS§ínL§�dc�ýÿC¤
��ín"

tyx
tx

y=Wx t=Wx+ t=Wx+

Fig. 2.5 �5ýÿ�.£�¤Ú�5VÇ�.£m¤�«O"ã¥�µL«(½�§��
L«�ÅCþ§xÚL«Û¹Cþ§�ÚL«���½Cþ"Xã¥ù�¤«§�5ýÿ

�.�ínL§l��m§�5VÇ�.�ínL§dm��"

�5VÇ�.ïá
�«é*	Cþt�VÇ£ãµe§3ù�µee§
z�*	���t�§�±�½ÂÐ��5'X�ínêâ���Ûõ�
Ïx"Ïd§T�.�2�^uÏf©ÛÚA�J��?Ö¥"3�¡Ù!
·�¬w�§�5VÇ�.´VÇã�.�{ü/ª"·�òù��.��

�Ù?Ø§8�´�rNØÓ�.�m��'5§=¦´�5[ÜÚÏf©

Ûùü«éØ�Ó��{�äkér�S3éX"
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2.2.1 ÌÌÌ¤¤¤©©©©©©ÛÛÛ

·�lÌ¤©©Û£Principal Component Analysis§PCA¤m©?Ø"

PCAF"ÏLé�eZ�p�����§¦�*	êâ3ù
��þ�N

����U/�L�êâ�©Ù5�"z���¡���Ì¤©£Principle

Component§PC¤"�é�êâ��LUåüS§¡�1�Ì¤©§1�Ì¤

©�"��5`§·�F"é��äk�L5�A�Ì¤©5�Lêâ§Ì

¤©��ê����uêâ�Ý§ÏdPCA�^3êâü�¥"

�ÄXeü«OK5µdÌ¤©éêâ��L5µ�´êâ3Ì¤©�

L�N��mp����§�´dN�¡E¤�©êâ�����"ùü«

OK¯¢þ´�d�"e¡·�lN��m����ù�OKí�ÑPCAÄ

�úª§TOK¿�XF"3Ì¤©�m�ÝK¦þ�±�êâ�©Ñ5"

·�lÏé1�Ì¤©m©"��)N����Ôöêâ8D = {tn ∈
RD : n = 1,2, ...,N}§y3�?Ö´�Ïé����v1 ∈ RD§¦�êâ8D3

ù���þ�ÝK����"Ø���5§-v1�ü �þ§=vT
1 v1 = 1"

êâ83ÝK�m���O�Xeµ

Var(v1) =
1
N

N

∑
n=1

(vT
1 tn−vT

1 t̄)2

=
1
N

N

∑
n=1

vT
1 (tn− t̄)(tn− t̄)T v1

= vT
1 {

1
N

N

∑
n=1

(tn− t̄)(tn− t̄)T}v1

= vT
1 Sv1,

(2.20)

Ù¥t̄�Ôö��8�þ�§S´���Ý
"¦¦Var(v1)��z�v1 �÷v

�å^�vT
1 v1 = 1"Äu.�KF¦f{§þã��å�`z?Ö�dué

Xe8I¼ê�Ã�å`zµ

Ψ(v1) =Var(v1)+λ1(1−vT
1 v1) = vT

1 Sv1 +λ1(1−vT
1 v1). (2.21)

¦þªév1�FÝµ

∇Ψ(v1) = 2Sv1−2λ1v1 = 0.

�n��eª:
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Sv1 = λ1v1.

þª`²÷v`z^��Ì¤©��v17,´���Ý
S�A��þ"ò
þª�\`z8I¼ê§kµ

Var(v1) = vT
1 Sv1 = λ1.

þª`²êâ83v1þÝK����uv1 éA�A��þλ���"Ïd§

��¦L(v1)���Ì¤©§�I����Ý
���A��¤éA�A��

þ=�"

��1�Ì¤©�§�aqÚ½����Y�Ì¤©"�®²��

ck− 1�Ì¤©§y3Ïé1k�Ì¤©vk§¦�êâ3vkþ�ÝK���

�§�vk�ck−1�Ì¤©��"Äuù
8IÚ^�§��aqª 2.21�

8I¼êµ

L(vk) = vT
k Svk +λk(1−vT

k vk)+
k−1

∑
i=1

λivT
k vi.

�évk�FÝµ

∇L(vk) = 2Svk−2λkvk +
k−1

∑
i=1

λivi = 0,

òþªüà©O�¦vT
i (∀i < k)§���5��λi = 0(∀i < k)§Ïd���¦

1�Ì¤©���/ª§=vk����Ý
S�A��þ§éA�A��þ
�λk"dd��§¤kÌ¤©Ñ´����A��þ§�\\z��Ì¤©

�¤O\����uTÌ¤©éA�A��"Ïd§e�¦cK �Ì¤©§

�IÀJA�����K�A��þ=�"

2.2.2 VVVÇÇÇÌÌÌ¤¤¤©©©©©©ÛÛÛ

PCA´²;�ÃiÒÆS�{§2�A^uü�!�5z!6/ÆS�

?Ö¥",
§PCA�`z¼ê£N��m����½¡EØ���¤ÚÌ

¤©�m�����é�§Ýþ´«<�½Â§ù¦�PCA�·^5"�²

()º"�!·�òÏ¦PCA�VÇ¿Â§^�5VÇ�.5)ºPCA§ù

��{¡�VÇÌ¤©©Û£Probabilistic PCA§PPCA¤ [11]"
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·��ÄXe{ü��5VÇ�.µ

t = µµµ +Wx+εεε, (2.22)

Ù¥t ∈ RD´D�*	Cþ§µµµ ∈ RD´�½ £þ§W ∈ RN×M´�.ëê"

x ∈ RM´ÎÜ��©Ù�M�Û¹Cþ:

p(x) = N(x|0,I),

εεε ∈ RD ´D�pdCþµ

p(εεε) = N(x|0,σ2I).

þª½Â
êât�)¤�.µÄkÄuk�VÇp(x))¤ÛCþ�æ�:x§
2ÏL�5C�)¤Wx§��òC���æ�: £µµµ§��\\��pd

DÑεεε"ù�L§Xã 2.6¤«"���J�´§ù��.¥¤kCþÑ´p

d�µx´��pdCþ§Ù�5C�µµµ +Wx�´pd�§2\\��pd
DÑ�,´pd�"Ïd§¢S*	��êât�ÎÜpd©Ù§Xã 2.6¤

«"ù«Äupd©Ù��5VÇ�.Ï~¡��5pd�."·��!¤

?Ø��.Ñáuù�a."

W

x

x'

W

p(x) p(t|x) p(t)

Fig. 2.6 PPCA�.§Ù¥*	êât ´��Cþ§x´��Cþ"Äk�âÛCþx�k�

©Ùp(x)������:x̂§��éT��:��5C�x′ = Wx̂+µµµ§��\\þ��0!
����σ2IpdD(£ã¥�ùÚ��¤§��*	�t�����"ÉÚ�ý�L«>
�©Ùp(t)��ÝÓ+�"ã¡ë� [2]�ã12.9"

c[*	PPCA��./ª 2.22§�±w�ù��§Ú�5[Ü�©�

q§�xØØ3Ôö�´ín�Ñ´Ø���§·�¤U����´��b
��k�VÇp(x)",	§5¿µµµ´���.ëê§
��ÅCþ"
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e¡·�Äu��q,OK�OPPCA��.ëêW§µµµÚσ2"Ä

uPPCA��.b�§ p(x)Úp(t|x)ÑÑlpd©Ù§Ï
>�©Ùp(t)�
Ñlpd©Ù§Ùþ��dÏ"��µ

E[t] = E[µµµ +Wx+εεε] = µµµ, (2.23)

Ù¥|^
xÚεεε�þ��"�¯¢"aq§���dt����Ý
��µ

Cov(t) = E[(Wx+εεε)(Wx+εεε)T ]

= E[WxxT WT ]+E[εεεεεε
T ]

= WWT +σ
2I

. (2.24)

dd��µ

p(t) = N(t|µµµ,C) = N(t|µµµ,WWT +σ
2I).

Äuþãúª§Äu��q,OK�(½�.�ëê"�½N�*ÿ:

�êâ8D = {tn : n = 1,2, ...,N}§éA�éêq,¼ê�µ

ln p(D|µµµ,W,σ2) =
N

∑
n=1

ln p(tn|µµµ,W,σ2)

=−ND
2

ln(2π)− N
2

ln(|C|)− 1
2

N

∑
n=1

(tn−µµµ)T C−1(tn−µµµ)

.

TippingÚBishopy² [11]§éþãq,¼ê?1`z��Xe��q,�

Oµ

µµµML = t̄

WML = UM(LM−σ
2I)1/2R

σ
2
ML =

1
D−M

D

∑
i=M+1

λi.

Ù¥§UM ∈ RD×Md�©êâ���Ý
S�cM���A��éA�A�

�þü�
¤§LM ∈ RM×M´éA�A��|¤�é�Ý
§R ∈ RM×M´?

¿��Ý
"5¿��Ý
R´?¿�§Ø¬éêâ©Ùp(t)�)K�§ù
�A55
uk�VÇp(x)���Ó5"
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Äuþã)¤�.§�±l*	CþtínÑÛCþx§=��V
Çp(x|t)"duk�VÇp(x)Ú^�VÇp(t|x) Ñ´pd�§�±(½T
��VÇ½äkpd©Ù/ª"���d½n§��µ

p(x|t) = p(t|x)p(x)
p(t)

= N(x|M−1WT
ML(t−µµµML),σ

−2
MLM),

Ù¥

M = WT
MLWML +σ

2
MLI.

ÄuT��VÇ§é�½t§�Äu����(MAP)OK(½���U£

ãt�ÛCþ��x"duT��VÇ´pd�§MAP�O�Óuþ�§Ï


kµ

xMAP|t = M−1WT
ML(t−µµµML) = (WT

MLWML +σ
2
MLI)−1WT

ML(t−µµµML).

�σML→ 0�§�í�Ñx�MAP�OXe:

xMAP|t = (WT
MLWML)

−1WT
ML(t−µµµML)

= RT L−1/2
ML UT

ML(t−µµµML).

þªL²PPCA 3é�©êât?1MAP�O�§ÄkòÙN��ÚD

ÚPCAÓ��f�m£UMLd���Ý
�cM�A��þ|¤¤§2

ÏL��é�
L−1/2
ML ?1ºÝN�±B���x äk��Ó5"ù`

²PCA´PPCA3σML → 0��AÏ/ª"l,���Ýw§ù`²PCA¯

¢þb�
���5pd�.§Äuù��.§*	êâd��{ü���

Ó5���©Ù²L���5C���§Ïd*	Cþt�ATÎÜpd©
Ù"�ù�^�Ø÷v�§PCA�·^5ò¬ü$"~X§�êât²wØÎ
Üpd©Ù�§PCA�(J�U¬�)�� �"

2.2.3 VVVÇÇÇ���555���OOO©©©ÛÛÛ

PCA£ãêâ��N©ÙA5§Ø�ÄØÓaêâ�ØÓ©Ù"�!é

T�.�{ü*Ð§¦Ù�±ékaOIP�êâ?1ï�"�
L���

�Ù§·�òPPCA��.úª 2.22­�Xeµ
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t = µµµ +Wx+εεε

x∼ N(0,I), εεε ∼ N(0,σ2I).

T�.£ã
Xe)¤L§µÄklpd©Ù¥��x§2²L���5N
�µµµ +Wx§��2\pdD(εεε"Äu��q,OK§�±éëê{µµµ,W,σ2}
?1�O"

5¿þã�.¥�tvk«©aO§Ïd´��IO£ã.�.£éêâ
�©Ùá5?1£ã¤"y3�ÄtáuØÓa§z�aCk�þ�µµµk�Ø�Ó§

Kþã)¤�.��¤µ

t = µµµk +Wx+εεε (2.25)

x∼ N(0,I), εεε ∼ N(0,σ2I).

Ó�Äu��q,OK§�éëê{µµµk},W,σ2?1�O"5¿3þª¥§Ø

ÓaO�êâ=´þ�ØÓ§�����"ù��.¯¢þ�duc�!?

ØL��5«©5©Û£LDA¤ [8]"Ïd§LDA�±@�´��õa)¤

�.§Ù¥z�aêâ^���5pd�.L«§�¤ka�����5N

�Ý
W§¿�X¤ka����Ý
Ñ´WT W+σ2I"
þã�.¥z�a�¥%µµµk´�.ëê§Ïd�.ëêþ�Ôöêâ¥

�aOO\
O�§ù«�.¡��ëê�.£No-Parametric Model¤"ù�

�.kü�î­¯Kµ�´XJêâ¥�¹�aéõ§KØ=O�m�O

\§éêâ�|^�Ø
¿©£~Xé@
��é��a§ÄuT�.��

�µk¬�) �¤¶�´Ã{?n3ÿÁ����#a§Ï�ù
a3Ôö

êâ¥vkÑyL§Ïd�UØ·Ü�c�."

VÇLDA£Probabilistic LDA§PLDA¤òµµµkw����ÅCþ£
��

.ëê¤)û
þã¯K [7, 9]"3PLDA¥§Äkd��k�VÇæ�Ñ,

�a£��Ck¤�þ�µµµk§2d���5pd�µµµk +Wx+εεε)¤Ta�¤k

æ�"3¢SA^¥§a¥%µµµkÏ~�L,«Ôn5�£X<ò!(Ñ�¤§

ÏdÏ~��3��$��mþ"dd§PLDA�/ªz¤Xeúªµ

t = µµµ +Fuk +Wxk j +εεε (2.26)

uk ∼ N(0,I), x∼ N(0,I), ε ∼ N(0,σ2I).

5¿þª¥�uÚx´ØÓu$��m�ü��ÅCþ§Ù¥u�Lam�É§
x�LaS�É"ÄuT�.§µµµkØ2´ëê§
´ÛCþ§�.ëêþØ
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2ÚÔö��¥�aOê�'§Ïd´��î��)¤�."�½��ÿÁ

êâ§Äuþã)¤�.�ín����VÇp(µµµ|t)§T��VÇ�Lt�a
Oá5§Ï
�^�©a?Ö¥�A��þ"5¿ù�ín�êâ�aOv

k��'X§Ï�3�.¥vkÚaO�'�ëê§¤këêé¤kaÑ´

���"

ã 2.7�ÑPLDA�.�)¤L§µÄkl������©Ùæ�)¤

��a¥%uk§²L�5N�u′k = µµµ +Fuk3���mþ)¤ak�¥%C

þu′k"Äud¥%§�PPCA�)¤L§��Ta�¤k��êâ"äN5

`§Äkd��pd�ÅCþ�����©Ù)¤�Åêx§²L���5
C�WN�����m§��Wx§\\pd�ÅCþεεε§��Wx+εεε§��

�a¥%u′k�\§=���Ta���æ�êât"ù�æ�L§­E?1,

=���Ta�¤kêâ"5¿þãéak�êâ)¤Äu���½�a¥

%uk§ÄuTa¥%§aSêâÎÜ��pd©Ù"

þãPLDA�.�ëê{µµµ,F,W,σσσ}�Äu��q,OK?1�O"��
¦q,¼êI�é¤kÛCþ>�z£Marginalize¤§O�þ'�(J§�æ

^Ï"��z£Expectation Maximization, EM¤�{ÏLS��ª¦)"T

�{´��S�`zL§§z�ÓS�©�Ï"O�£E¤ÚÏ"`z£M¤

üÚ"3Ï"O��§|^�cëê¦u,x���VÇ§¿ÄuT��VÇ
O�q,¼ê�Ï"¶3Ï"`z�§éc¡���Ï"¼ê��.ëê

?1`z§���#��ëê"þãEÚÚMÚ�OS�?1§��Âñ"

EM�{´)û�¹ÛCþ�VÇ�.¯K�Ä��{§�±y²T�{o

¬Âñ�ÛÜ�` [3, 12]"

é'PLDAÚPPCA§�±uy¦�3/ªþ�~�q§Ñ´�5p

d�."¯¢þ§éu��A½�aCk§PLDA¯¢þ´��éµµµ ?1�

Åz�PPCA§=3PPCAæ��c§kéµµµk?1�gæ�"�ö�`z�

{´���§ÑÄu��q,OK"þã�q54·�l,���Ý@

£PCAÚLDAùü«wqØÓ�ÅìÆSóäµPCA^u£ã?Ö§LDA^

u©a?Ö§PCA^u�iÒÆS§LDA^uiÒÆS"�,�3é��É§

�ùü«�.Ñ�±8(��q�VÇ�.§�3�~���éX§äka

q�`:Ú"�"~X§�öÑ´�5pd�.§XJêâØÎÜpd©Ù

�§5UÑ¬kwÍeü"
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W

F

W

C1

C2

F

W

u1 u2 x

u'1

u'2 x'

Fig. 2.7 PLDA�.§Ù¥*	êât´��§a¥%ÛCþuÚaSÛCþxÑ´��"Ä
k�âÛCþuÄu��©Ùæ���ai�¥%�þui§²L�5C���3êâ�m¥

�¥%�þu′i"ÄuTa¥%§éa¥z��êâ:§�eãL§æ�)¤µÄk�â�
�©Ùæ�����Cþx§²L�5C���êâ�m¥�æ�x′���éa¥%u′i� 
£þ§��\\pdD(εεε �§=��Ta���æ�:"

2.3 ��d�{

c¡A!·�0�
A«Ä:��5�.§ù
�5�.ÏLÚ\eZ

�ÅCþ§Ø=éêâ�©Ù�¹£ã��\O(§
��±éeZ­��

.£PCA,LDA¤?1VÇ)º"ØØ=«�.§��Ä�b�´�.¥�ë

ê´(½�§Ï
�^�«`z�{?1¦)"ù«(½5ëê���":

´·�Ã{é§�Ú\kd��k��£"~X§XJ·�®²��,
ë

ê�����§3ï���Äù��£¬ü$�.LÔö�ºx"
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�!ò0���d�{§T�{ò�.ëêw��ÅCþ§òéëê�

����k��£=z¤ëê�k�VÇ"Ú\�ÅëêØ=�±|^<�

é�.�k��£§�­��´é�.���UCµé�.�`zØ2´Ï

é���`ëê£X��q,�O¤§
´éëê���VÇ?1�O"Ï

d§=¦Ú\�k�´��Ã&Ek�£X����²þ©Ù¤§��d�

{�,k­�d�"

-�.ëê�w§k�VÇ�p(w)"Äu,�*	êâ8D§���d

½n��Ow���VÇµ

p(w|D) =
p(D|w)p(w)

p(D)
. (2.27)

þª¥éwk�VÇ£Prior¤p(w)�Lvk?Ûêâ��¹eéw���<
�b�¶q,¼êp(D|w)´²��£§L«3�½�|ëêw�§�±)
¤êâD�VÇ¶��VÇp(w|D) ´éëêw �2�O§L«3*	�ê
âD�§éëêw�VÇ­�" p(D)´8�zÏf§Ó��´�«�U�w�
��q,¼ê�Ï",ù�Ï"¡�,a�.�“Evidence”§²~^3�.(

�ÀJ¥"

Äu��VÇp(w|D)§��MAPOKÀJ�`�.ëê§=�����

O:

wMAP = argmax
w

p(w|D).

Ú��q,�O�'§�����O�Ä
w�k��£§Ïd�²�ê
âD���Ï~�¼��Ð��O"�êâþO��§k��£Ó�'­�

5��§�����OªCu��q,�O"

�����O�,´:�O§=ÀJ,�(½�ëê?1ýÿÚín"

¯¢þ§��VÇp(w|D)Jø
�«�kd��ýÿÚín�ª§=3ýÿ

½ín��Ä¤k�U�ëêw§ù����(J¬�\��"ù��{¡
���d�{"±ýÿ?Ö�~§��d�{��¤eªµ

t =
∫

t p(t|w,x)p(w|D)dw.

e¡·�±1�!¥0���5£8�.�~5`²��d�{"�D

Ú�5£8�.aq§½ÂÑ\xÚÑÑt�m�3�5'X§ØÓ�´éë

êw½Âpdk�µ

t = wT x+ ε,
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w∼ N(0,α−1I); ε ∼ N(0,β−1I).

þª�duµ

p(t|x,w,β ) = N(t|wT x,β−1I),

p(w|α) = N(w|0,α−1I). (2.28)

�½���¹N�æ�:�êâ8D = {(xn, tn);n = 1,2, ...,N}§d��d
úª��µ

p(w|D) ∝ p(D|w)p(w|α),

dd��w�q,¼êXe:

ln p(w|D) = ln
N

∏
n=1

p(tn|xn,w)+ ln p(w|α)+ const

= −β

2 ∑
n
{tn−wT xn}2− 1

2
wT w+ const,

Ù¥const´�wÃ'�~þ"�����O=´�¦þª���w"5¿�
þª´��²�Ø�\þ����þwT w§Ù¥²�Ø�´IO�5£8�
.�8I¼ê§
��þ5
uk�VÇp(w)"XJòT��þw��8I

¼ê��K�£Regularization¤§KÚ\k�VÇ�du3�8I¼êþÚ

\��l2�ê�å§T�å¦�`z8I��u�����ëê§
ù�´

k�VÇp(w)�����«�"ØÓ�k�VÇ�duØÓ��K�å§ù

lVÇ�.�Ý)º
DÚ�ª£O�{¥�K�å��^"

5¿ª 2.28½Â�k�VÇ�¹��ëêα§ù�ëê´ëêw�k�V
Ç�ëê§Ïd�¡�ëê"�ëê�±�²��½§��±Äu��q,

OKÆS"5¿�p(D) =
∫

p(D|w)p(w;α)dw´α�¼ê§Ïd�±òp(D)�

�q,¼ê`zα"��éαÚ\��k�VÇ§2Äu����OK¦

)α§ù«�{�¡��g5��d�.£Hierarchical Bayes Model¤"

��5`§k�VÇ�/ª�±gdÀJ§�3¢Sï��Ï~F"�

�VÇ�{ü�Ð"�«�{´ÀJ�«k�VÇ§Ù�q,¼ê�¦��

����VÇäkÚk�VÇ�Ó�/ª"ù�k�VÇ¡�q,¼ê��

Ýk�"�Ýk�Ø=4�{z
�.O�E,Ý§
�Jø
��{ü�

3�ÆSµe"3ù�µe¥§�L�²�D�����p(w|D)3e�ÚÆ

S�¤�#�k�§#�êâD′��dk�?�ÚÆS��#���"ù�
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L§S�?1§�ÅìÆS�#�£"5¿ù�ÆS�{�cJ´k�VÇ

�^�VÇ7L�Ý�§ÄK��VÇÃ{���k�VÇ���/ª§l


Ã{/¤#�k�"

2.4 �Ù�(

�5�.´ÅìÆSp�{ü��.§�´�­���.��§´ÆS

Ù§E,�.�Ä:"�Ù?Ø
ü«�5�.µ�«´Ñ\Cþ���ý

ÿ�.§�«´Ñ\CþØ���£ã�."ýÿ�.õ^uýÿ?Ö§£

ã�.õ^uín?Ö¶ýÿ�.õ^iÒÆS§£ã�.õ^u�iÒÆ

S"ØØ=«�.§Ñ�L«¤{ü��5/ªy = Wx"ù
�.é*	�
½ÛCþ�Ñ,«©Ùb�§¿���q,OK�O�.ëê"

3�5ýÿ�.¥§·�?Ø
^u£8¯K��5£8�.Ú^u©

a¯K�Logistic£8�."�5£8�.b�8ICþ�^�©Ùp(t|x)´
��pd©Ù§
Logistic£8�.b�p(t|x)´��Ëã|©Ù"ÏL?Ø
uy§�5£8�.ÏL��q,�O���£8ëê��5[Ü���[

Üëê´���§L²ùü«�.äk�d5§ù��5[Üé�
Ün�

VÇ)º"Ó�§·�uyDÚÄuFisherOK��5©Û�.3�©a¯

Kþ��du�5£8�.§ù��uéêâ�aOI\b�
pd©Ù§

w,´ØÜn�"Logistic£8�.òpd©Ùb�?��Ëã|©Ùb�§

Ïd�·Ü©a¯K"

3�5VÇ�.¥§·�?Ø
Äu�iÒÆS�VÇPCA£PPCA¤

�{ÚÄuiÒÆS�VÇLDA£PLDA¤�{"aq�5[Ü��5£8

�.�'X§PPCA´DÚPCA�{�VÇ/ª§
PLDA´DÚLDA�{�

VÇ/ª"3PPCA�{¥§*	êâ´d����©Ù�Û�ÅCþÏL

���5C�2\þ��pdD()¤§ù¿�XPPCA£9ÙDÚ/ª§

PCA¤�·^uÎÜpd©Ù�êâ"PLDA 3PCAÄ:þ�Äam�É"

ù��.b�z�a�¥%�þd$��m�����©Ù²L�5C�

��¶��¥%�þ�§ÏL��PPCA�.)¤Ta�¤kêâ"ØÓa

êâ��Ó��PPCA�.§ÏdT�.b�ØÓa����Ý
´�Ó�§

���O´þ�£¥%�þ¤þ�ØÓ"ÚLDA�'§PLDA´ò�5��

�.ëê�aþ��þ?���ÅCþ"ù�?�äk­�¿Â§§¦��

.ëê�êâÃ'§Ïdäk�r��zUå§�±?nÔöêâ¥vk�

L�#aO"
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• �Ùé�5ýÿÜ©�?Øë�
Bishop�5Pattern Recognition and Ma-

chine Learning61nÙ!1oÙé�5�.�£ã"éPCAÜ©�?Øë

�
TÖ�1��Ù'uëYÛCþ�.�?Ø [2]"

• éPLDA�?Øë�
Prince�<�Ø©5Probabilistic Linear Discriminant

Analysis for Inferences About Identity6 [9]"

• �5�.3�«ÅìÆSÚ�ª£O²;�á¥Ñ´Ä:SN"XHastie,

TibshiraniÚFriedman�5The Elements of Statistical Learning6�Ö�1n!

oÙ [6]§±�u5ÅìÆS6�Ö�1nÙ [1]"

• 'u�5pd�.§�ë�Roweis�<31999c�nã©Ù [10]"
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