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ÏLã�{ínÑ¤kCþ�m��Û5VÇ'X"ù�µeAO·Ü£ã
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�{"

VÇã�.©�k�ã�.ÚÃ�ã�.ü«§cö���¡�&?�

ä£Belief Network¤½��d�ä£Bayesian Network¤§�ö�¡�ê��

Å�Å|£Markov Random Field¤"k�ã�`:3u��*L«�ÅCþ

m�ÏJ'X§Ã�ãK�uL«Cþ�m�VÇÕO5"�ÙòÄk0�

ùü«ã�.§,�?Øù
�.þ�ínÚÔö�{"'uã�.�õ&

E§�ë� [11, 23, 14, 12]"

6.2 k�ã�.

ã6.2�Ñ��{ü�k�ã�.§Ù¥z��!:L«���ÅCþ§

!:m�k�>�LCþ��3�'5"l½5L�þw§k�ã�.��
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ã¥¤k!:¤�LC

þ�éÜVÇ©Ù§/ªzXeµ

P(X) = ∏
i

P(xi|pai), (6.1)
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Ù¥X = {xi}´k�ã¥¤�L�Cþ8Ü§xi´1i�Cþ§pai´xi�I!

:Cþ8Ü"äNó§k�ã¤�L�¤kCþ�éÜVÇ´z�Cþ^

�VÇ�¦È¶XJT^�VÇ�^�Cþ8Ü��§K¿�XTCþØ�

3I!:§^�VÇòz�k�VÇ"�d�K§ã 6.2¤L��éÜVÇ

��¤Xe/ªµ

P(A,B,C,D,E,F) = P(A)P(B)P(C|A,B)P(D|C)P(E|C)P(F |D,E),

Ù¥AÚBvkI!:§ÏdéA���k�VÇ"

Ø
þãÄ:L«�{§k�ã�.3A^¥�²~�¹eZ*ÐL

«µ£1¤Ï~^�Ú!:�L*ÿCþ§^xÚ!:�LÛõCþ£Latent

Variable¤¶£2¤Ï~^���LëYCþ§^�µ�LlÑCþ£2¤k�¬

é,
!:\µ§L«�|ÕáÓ©Ù�Cþ¶£3¤�.�ëêÏ~^�


¢%ç:L«"Xã 6.3¤«§ÙL«�éÜVÇ�:

P(A,B,C,D,G,E1,E2, ...,EN)=P(A)P(B|A)P(C|AB)P(D|B;θ)P(G|C)
N

∏
i=1

P(Ei|C,D,G).

k�ã�±^uõ«?Ö¥§;.�n«Xã 6.4¤«§Ù¥£a¤L«

ýÿ?Ö§=�â�.ýÿÑ,��Ï�U���(J¶£b¤L«ín?

Ö§Äu(JínÑ��T(J��Ï¶£c¤L«©Û?Ö§�ÏÚ(J®

�§�â�.©Ûù
�Ï��T(J�Å�"���J�´§3k�ã�

.¥§¤k*	Cþ§ØØ´�Ï�´(J§ÑÚ�L«¤ã¥�!:§ù

¿�XDÚ�ª£OVg¥�êâxÚêâIPt�m�«©C�Ø2²w§

üöÑ´VÇã�.¥�*ÿCþ"ù¯¢þ�»
iÒÆSÚ�iÒÆS

�.�§òùü«ÆS�{Ú����äkÏ^ínÚÆS�{�VÇ�.

µe�¥"

6.2.1 CCCþþþ���'''555���äää

��XÚ¥ü�Cþ½Cþ8Ü�m��'5½^��'5£�d/§

Õá5½^�Õá5¤§éuXÚ�Oäkér���¿Â§´��+�

�£��"3�O�.�§Ï~d;[éü�Cþ�m´Ä�3VÇ�'5

?1�ä§XJ�3,«�'5§K3k�ã�.¥\\�A�>"¤kù
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Fig. 6.4 Äuk�ã�±?1£a¤ýÿ§£b¤ín§Ú£c¤©Û"�Ú��L«*ÿC

þ§xÚ��L«ÛõCþ"



xxii 6 ã�.


ÛÜ�'5û½
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5§K�×����íØu)Cz�´Ä�uÑB�J2"
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þ�&EÃ{ÏLT´»D4�,�Cþ"XJü�Cþm�¤k´»�

�{ä§Kùü�CþÕá£éA´»¥Ø�3*ÿCþ�¹¤½^�Õá

£éA´»¥�3*ÿCþ�¹¤§ÄKùü�Cþ�'½^��'"

�
�ä�^´»´Ä�{ä§·�I��ä´»þz�!:´Ä�{

ä§�dI�©Û´»!:�;.(�¤�L�{ä5�"�¥m!:��

mü�!:��6'X£=>���5¤§·��ò´»!:©�£a¤Þ-�

(�§£b¤�-�(�§£c¤Þ-Þ(�n«"3z«(�¥§¥m!:�U

�*ÿCþ½ÛCþü«§cöéAÄ�ü!:�^��'5§�öéA

£�^�¤ÚO�'5"ùn«;.(�Xã 6.5¤«§éù
(���'5

©ÛXe"
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Fig. 6.5 k�ã�n«Ä:(�"£a¤Þ-�(�§�CØ���§A�B�'§�C��

�§A�B^�Õá¶£b¤�-�(�§�CØ���§A�B�'§�C���§A�B^�

Õá¶£c¤Þ-Þ(�§�CØ���§A�BÕá§�C���§A�B^��'"

• éÞ-�(�£ã 6.5(a)¤§�¥m!:C vk�*	��§A�Bäk�'

5§Ï�P(AB) 6= P(A)P(B)¶�¥m!:C�*	��§A�B^�Õá§

Ï�

P(AB|C) =
P(ABC)

P(C)
=

P(A)P(C|A)P(B|C)

P(C)
=

P(AC)P(B|C)

P(C)
= P(A|C)P(B|C).
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l�*þ`§�C��*	��§A�u)k�UÚåC�u)§?Ú

åB�u)§ÏdA�B�'¶�C�*	��§C¤�½�§AÃØu)Ø

u)§ÑØ¬ÚåC�Cz§¤±AÚB^�Õá"

• é�-�(�§�ã¥�C:vk�*	��§A!B�mäk�'5§Ï

�P(AB) 6= P(A)P(B)¶�C�*	��§A�B^�Õá§Ï�

P(AB|C) =
P(ABC)

P(C)
=

P(C)P(A|C)P(B|C)

P(C)
= P(A|C)P(B|C).

�*5`§3C��*	���ÿ§A¯�XJu)�VÇé�§`²A¯

���ÏCu)�VÇé�§C�´B¯���Ï§ÏBu�VÇ�é

�§ÏdAÚB�'"�C¯��*	��§A�Bu)�VÇ��dC�*

	�(½§ÏdA�B^�Õá"

• éÞ-Þ(�§�C��*	��§KA�BÕá§Ï�µ

P(AB) = ∑
C

P(ABC) = P(A)P(B)∑
C

P(C|A)P(C|B) = P(A)P(B).

�C�*	��§AÚB^��'§Ï�P(AB|C) 6= P(A|C)P(B|C)"�*þ

`§�C��*	��§AÚBu)�VÇ��dÙ�g�k�VÇû½§

Ïd´Õá¯�"��C´*ÿCþ�§XJCu)§`²AÚBÑk�½

VÇu)lÚu
C"duAÚB�Óû½C�u)§@oXJ�Au)

�VÇ�~��§K¯�C®²k
Ün�)º§Ï¯�Bu)�VÇ

Ò¬~�§��½,"ù«y�¡�Explain Away"

duÞ-Þ(��A5§·�^��¢~5n)Explain Awayy�"Xã

6.6¤«§�1�3ì�#)?��§XJuy#)�\ágC�Ã�§@

oé��U5´?��
"XJd�q*	�?�m©¡O§@o‘Uíö

9’ù�¯�VÇÒ¬�~�"ù´��oQºb�·�@�§?�¡O�¬

d‘Uíö9’Ú‘+�’ùü�¯Úå§�·�®²*	�?�m©¡O§¿�

(½
?��?u+�G�¥§@o·��±@�§?�¡OÒ´du+�

Úå�"d�§‘Uíö9’ù�¯ÒA�Ø¬u)"

Äuþãn«Ä:(���'55©Û§·��±�ä�^´»��'

5§?�ä?¿ü�Cþm��'5"ù�±/�n)¤���¥£¡

���d¥¤l!:AÏL?�´»�!:BEÄ§å¥¬²Lþãn«Ä

:(�¥�?Û�«§�þã(�¥�üà!:Õá£C�ÛCþ¤½^

�Õá�£C�*ÿCþ¤§KT´»u)
{ä§½¡�D-Separation"�
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Fig. 6.6 k�ã¥Þ-Þ(��3Explain Awayy�"?�á#Ã��§K��ä?�+�§

ù�XJuy?�¡O§Ké��U´du+�E¤�"ù´Ï�+�ù��Ï®²v


)º?���o¡O§ÏdUíö9��U5¬�Aeü"

lA�B�¤k´»Ñ�{ä�§K��äùü�Cþ´Õá£éA´»¥Ø

�¹*ÿCþ�¹¤�½^�Õá�£éA´»¥�¹*ÿCþ�¹¤"

ã 6.7�Ñü��'5�ä�~f"3ã£a¤¥§C:®²�·�*ÿ

�§��d¥lA:m©EÄ§�EÄ�E�§duE�F´Þ-Þ(�§¤±

*	§��±9Ùf!:´Ä�*ÿ�"Ï�C�*ÿ�§¤±�@�E!:

Ø{ä§¥�±ÏLT!:"�¥E�F �§duF´�-�(�§�Fvk

�*	�§¤±F!:�Ï§¥�±E�B"nþ¤ã§¥�±lA²LE!F

ü�!:��B:§¤±AÚB'uC^��'"3ã£b¤¥§��d¥lA:

m©EÄ§�E�E�§E´Þ-Þ(��EÚE�f!:ÑØ´*ÿCþ§Ï

d´»�{ä§¥Ã{ÏL§¤±AÚBÕá"Ø=Xd§=B¥3E:v�

{ä§E�F��¬�{ä§Ï�F´��(��´*ÿCþ§EÚF^�Õ

á"nÜå5§AÚB'uF:^�Õá"

6.3 Ã�ã�.

k�ã�.^!:m>���L«Cþ�m��6'X§Ã�ã�.�

>´vk���§ÏdØ£ãÏJ'X§=L«´!:�m��'5"��
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Fig. 6.7 ��d¥�D-Separation"3ã£a¤¥§du!:E�3Þ-Þ(�§�Ùf!:

�3*ÿCþ§ÏdÙü�I!:AÚF vk�{ä;Ó�§F´ÛCþ�´��(�§Ï

d�vk�{ä"dd§��äA�B^��'¶3ã£b¤¥§duE�f!:¥Ø�3

*ÿCþ§ÏdAÚF�{ä§Ó�§F´*ÿCþ�´�-�(�§Ïd�{ä"nÜå

5§AÚB^�Õá"

;.Ã�ã�.Xã 6.8¤«"Ók�ã��§��Ã�ã�½Â
��é

ÜVÇ"·�Äk½ÂClique�Vg"¤¢Clique§´����ë�!:8

Ü§8Ü¥¤k!:�mp�ë�"���Cliquev
�§±�O\?Û�

�!:Ñ¬»�ù«�ë�á5�§K¡TClqiue���Clique"ã 6.8¥^

�ôÚ�ý�I«Ñ
��k��Cliquey©"

^xcL«��Clique¥�¤kCþ£5¿ØÓClique�U��Cþ¤§

ψc(xc)´½Â3xcþ�³¼ê£Potential Function¤§K��Ã�ã�.L

«�éÜVÇ½Â�Ù¥¤kClique�³¼ê�8�z¦Èµ

p(x) = 1/Z ∏
c

ψc(xc)

Ù¥§Z�8�zÏf"XJx´lÑCþ§KZ½ÂXeµ

Z = ∑
x

∏
c

ψc(xc),

XJx�ëYCþ§KZ½Â�µ
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C

Fig. 6.8 Ã�ã�.�~f"A,B,D,F,G,H�ÛõCþ§CÚE´*ÿCþ"z«ôÚ�ý�

L«��Clique"Tã¥��¹Xe8�Clique: A-B-C, C-B-D, D-E-H, E-F, F-G, G-H"

Z =
∫

∏
c

ψc(xc)dx.

6.3.1 CCCþþþ���'''555���äää

Ã�ã¥ü�Cþm��'5�äé�*µXJü�Cþmk´»ë

�§Kùü�Cþ�'§Ï�Ã�ã¥�?¿�^>ÑL«Ùë��ü�C

þ´�'�§ù��'5�ÏL´»D�",§XJ´»¥�,�!:´

*ÿCþ§KT´»´{ä�"XJü�!:m�¤k´»Ñ´�{ä�§

Kùü�!:¤�L�Cþ£�¤k*ÿCþ¤^�Õá"ã 6.9¥�Ñü

�~fµ�vk*	Cþ�§ã¥¤k!:Ñ´p�ë��§ÏÑäk�

'5§��,
Cþ¤�*ÿCþ�§ã¥¤«�ÒKÜ©=^�Õá"�

�§ã 6.10¥�*ÿCþ¿�é¤k´»E¤{ä§Ïdã¥¤k!:Ñ´

^��'�"
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Fig. 6.9 ^�Õá�Ã�ã"�Ú!:´*ÿCþ§ÒKÜ©L«��Ä�'5�ü�f
ã"3(a)(b)ü«�¹e§¤kë�ü�fã�´»Ñ�*ÿCþ{ä§Ïdäk^�Õ
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Fig. 6.10 ^��'�Ã�ã"�Ú!:´*ÿCþ"duT!:vk{ä?Ûü�Cþ�
m�ë�§Ïdã¥?¿ü�Cþ½fã^��'"
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6.3.1.1 k�ã�Ã�ã=z

�½��k�ã§·��±òÙ=z¤Ã�ã§¦�ùü«VÇã�.

�±^Ú��ínÚÔö�{5?n"±��{ü�óª(�5?Øù�=

zL§§Xã 6.11¤«"

A B C D

A B C D

p(B|A) P(C|B) P(D|C)

(a)

(b)

p(A)

Fig. 6.11 óªk�ã(a)=¤Ã�ã(b)"k�ãéÜVÇL«¥�z��¥¤�¹�¤k

CþéAÃ�ã¥���Clique"k�VÇÚf!:�^�VÇ|Ü¤��Clique"

Äk§òk�ã�éÜVÇ��µ

P(A,B,C,D) = P(A)P(B|A)P(C|B)P(D|C)

�±½ÂClique9Ù³¼êXe:

ψ(A,B) = P(A)P(B|A),

ψ(B,C) = P(C|B),

ψ(C,D) = P(D|C).

òk�ã¥�z��^�VÇéAÃ�ã¥���Clique§l�¤=z"

5¿évkI!:�Cþ§Ùk�VÇI�ÚÙf!:�^�VÇ(Ü3�

å§éA¤��Clique.²L=z�§éA�Ã�ã�VÇ���µ
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P(A,B,C,D) =
1
Z

ψ(A,B)ψ(B,C)ψ(C,D).

é�óª(��k�ã��Ó�OKòÙ=¤Ã�ã§��I�5¿

�´�k�ã¥,�!:äkõ�I!:�§òT!:9ÙI!:éA¤

��Clique�§I�3zéI!:m\\�^N\>§¦�T!þ8Ü÷

vClique��ë�^�"3I!:m\\N\>ù�L§¡�Moralization,)

¤�Ã�ã¡�Moralized Graph"ã 6.12�Ñ���¹n�I!:�k�ã

�Ã�ã=z�~f"

A

D

C

(a)

A

B

C

(b)

B B

Fig. 6.12 k�ã(a)=z¤Ã�ã(b)�§XJ,�!:äkõ�I!:�§I�

�Moralization"�~¥§P(D|A,B,C)éA��Clique§Moralizationö�3I!:A,B,Cm

\\N\ë�§±�yùo�Cþ¤���k��Clique"

oNó§òk�ã=z¤Ã�ãI�n�Ú½µ£1¤òk�ãUÙé

ÜVÇ�Ïf©)�ªéA¤eZClique§ÃI!:�!:�Ùf!:|¤

��Clique¶£2¤ék�ã¥�¹õ�I!:�!:�Moralization§�yz

�Clique��ë�5¶£3¤òk�>O�¤Ã�>¶£4¤òk�ã¥�VÇ

���Ã�ã¥éA�Clique�³¼ê"

��`²�´§duMoralization��3§�
3k�ã¥L��^�Õ

á5¬3Ã�ã¥��§Ïd=�c�üÌVÇã�.�ÙÿÈ(�¤U�

L�VÇ©Ù´ØÓ�"�Ï�Ã�ã�³¼ê´dk�ã�^�VÇ½Â

�§Äuù�AÏ½Â§=�c�üÌã¤�L�éÜVÇ©Ù´�d�"

���5`§k�ã�.ÚÃ�ã�.¤U�L�VÇ©Ù��´Ø��

�§�ökU�Ü©§��k�gÕA�L�Uå§=k
k�ãUL«
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�VÇ©ÙÃ�ãÃ{L«§��½,"Ó�§�k
VÇ©Ùü«ã�.

ÑÃ{L�"

6.3.2 kkk���ãããÚÚÚÃÃÃ���ãããééé'''

k�ãÚÃ�ãùü«VÇã�.k�g�A:Ú`³"éuk�ã5

`§z�!:mäk²(�ÏJ'X§�*/�¶éÜVÇ�±���Ñ§

ØI�AO��5z"Ï�!:m�ÏJ'Xd<�½Â§ù�Ú\+��

£Jø
�U5§Ó��é�.�OJÑ
�p�¦"k�ã�.���

(J3u�3Explain Away¯K§��Cþm�^��'5Øé�*§I�

^Bayes Ball��{5�ä"

Ã�ã�.Ø'%Cþ�m�ÏJ'X§=�Ä§��m´Ääk�'

5§Ïd�ék�ã�.ï�'�{ü§�ØÓCþ�m´Ä^��'�d

üö�m�´»éÏ5����"ù��.���¯K3uClique�³¼ê

Ø´8�z�VÇ§ù��¡��Oö�5
é�gdÝ§�Ó���ín

�5
(J§Ï�O�8�ÏfÏ~¿Ø´�N´�¯"

ÀJk�ã�.�´Ã�ã�.é�§Ýþd?Ö�5�Ú+��£5

û½"��5`§ã¥!:�Ôn¿Â��ß§éù
!:¤�L�Cþ�

£�´L§���uk�ã�."X�Ùm©¤ã�'u�Â¥0�~f"

��§XJCþÓ�z§ÏJ'XØ²(§K��ÀJÃ�ã�.§X3Ú

OÔnÆ¥^u£ãc^5�Ising�. [9]"

6.4 ~^VÇã�.

�ÖcAÙJ��éõ�.ÑáuVÇã�.§X1 2Ù0�L��

5£8ÚLogistic£8�±@�´�¹��Cþ�k�ã�.§Probabilistic

PCA£PPCA¤ÚProbabilistic linear discriminative analysis£PLDA¤´�¹ü

�Cþ�k�ã�."1 3Ù0�LÉ�À�[ùÅ£RBM¤´;.�Ã�

ã�."ã 6.13�ÑþãA«�.�ã�.L«"�!òé,	n«~��

VÇã�.�{�0�§=pd·Ü�.!Ûê��Å�.!^��Å|"
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Bernoli (  (wx))
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c

(a) Linear Regression (b) Logistic Regression

(c) PPCA
(d) PLDA

x1

t1

(e) RBM

x2 x3

t2 t3

Fig. 6.13 A«{ü�VÇã�." (a)��5£8�.§Ù¥�k*	Cþt´�Å�§

Ñl±wx�¥%�pd©Ù¶ (b)�Logistic£8�.§�ÅCþtÎÜ±σ(wx)�ëê

�Bernoli©Ù¶(c)�PPCA�.§�)ü��ÅCþxÚt§x�k�VÇ´IO��©

Ù§t�^�VÇ´�±wx�¥%�pd©Ù¶(d)�PLDA�.§�)��aOëêc§z

�a�a¥%xÑlk�VÇN(0, I)§*	�tÑl±wx�¥%�pd©Ù; (e)�É�À�

[ùÅ§´��Ã�ã�.§1i�Clique�¹��(xi, t j)é§³¼ê�xiÚt j���¼ê"
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6.4.1 pppddd···ÜÜÜ���...

pd·Ü�.£Gaussian Mixture Model, GMM¤^eZpd©Ù�\�

²þ5£ã��E,©Ù§XJ·Üêv
õ§GMM=�±%C?ÛE,

�ëY©Ù§Ï3¢S¯K¥k2�A^"AO´§GMM�.¥ºX


k�ã�.�Ä:Vg§·ÜÐÆö��¢~©ÛïÄ"

�.L«

·�l�{ü�pd©Ùm©"����Cþx�pd©ÙäkXeV

Ç�Ý¼ê/ªµ

p(x; µ,σ) =
1√

2πσ
exp[−1

2
(x−u)2

σ2 ] (6.2)

Ù¥µ ,σ��.ëê"N´y²§XJxÎÜþª¤«�pd©Ù§KÙÏ"

Ú��©O�µ

E(x) = µ,

Var(x) = σ
2.

��pd©Ù�5���dÙ��Ú��ÚOþû½§ÏdÏ~òpd©Ù

�¤Xe/ª:

x∼ N(µ,σ2).

y3b�,�CþxÎÜpd©Ù§�épd©Ù�äNëêµÚσ �

�§·��±éN´ÏLx�����8ÜéµÚσ?1�O§=�.Ôö"

TÔö��ÀJ��q,OK§=¤ÀëêA¦T�.)¤��8Ü�VÇ

��"±{xn}L«��8Ü§Kq,¼êkXe/ªµ

L(µ,σ) =
N

∏
n=1

p(x(n); µ,σ)”

éþª¦éµÚσ� �ê¿¦��u"§���Xe��q,�Oµ

µ̃ =
1
N

N

∑
n=1

x(n),
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σ̃ =
1
N

N

∑
n=1
{x(n)− µ̃}2.

���8v
��§þã�O���ëê�¢Sëê�Ø�ªCuÃ��"

��§éüpd�.�ëê�O¿Ø�3�Kþ�(J"

¢S?Ö¥��ÎÜpd©Ù��¹Øõ§AO´éõêâäkõ¸5

�£VÇ¼ê¥äkõ�4��:¤§ù�^ü¸�pd©Ù¬�)�� 

�"<�òpd�.*Ð¤GMM5£ãE,�êâ©Ù"GMMb�êâd

õ�pd�)§z�pdsk±�½�k�VÇπk�-u§�-u�pd

2±N(µk,σk)�VÇ�Ý¼ê)¤��*	Cþx(n)"ÏLù�)¤L§�

��VÇ�Ý¼ê��¤Xe/ªµ

p(x) =
K

∑
k=1

πkN(x; µk,σ
2
k )

½:

x∼
K

∑
k=1

πkN(µk,σ
2
k ).

ù��.¥§z�pd¡���pd¤°§k�VÇπk¡�1k�pd¤

°��"

þ¡?ØÑ´Äu��êâ§��q(ØéN´3õ�êâþ��"ã

6.14�Ñ����êâþGMM�~f"

ëê�O

�pd�.�'§GMM�.�E,ÝJp
éõ"ù�E,ÝØ3u

d��pd©ÙC¤
K�§3u�.¥Ñy
ÛCþ§=zgêâ)

¤�§=��pd¤°�-u´Ø���"ÛCþ��3L²z�·�*

	���æ�:x(n)�§·�w��´Ü©êâ§"�
d=�pd¤°

-u�¯�z(n)"5¿§z(n)´lÑCþ§31�K�m��"Ú\ÛCþz�§

GMM�.�L«���k�ã�.§Xã 6.15¤«"

ÛõCþz(n)��3¦�GMM�.ëê��OC�Ø2�*"�¡·

�¬w�§ÛõCþ´VÇ�.���`³§Ó��´�Ì��(J"

éuGMM�.§·��±�Äù��«ëê�Og´µb�·�®²�

�
z�êâ:x(n)¤éA�pd¤°z(n) §K�éÔöêâ�pd¤°y

©�Ka§éza©O¦ëê{µk,σk}§k�VÇ{πi} ��z(n)3Kaþ�©

Ù'~(½"y3�¯K´·�Ø��z(n)�(��§ÏdÃ{éêâ8
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Fig. 6.14 ��êâ�·Üpd�."Ù¥7Ú:y��pd¤°N(−20,25)§ÉÚJ��

pd¤°N(10,100)§ùÚ¢��Lùü�pd¤°Uπ = [0.3,0.7]·Üå5�pd·Ü©

Ù"

z

x

N

Fig. 6.15 pd·Ü�.�k�ã�."
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?1y©"�«)û�{´Øéêâ8�z(n)?1M5y©§´���V

ÇP(z(n)|x(n))éêâ?1‘^5y©’"�é{`§x(n)Ø¬�M58�,��

pd¤°§´3z�pd¤°¥ÑÓ�½'~§ù�'~dP(z(n)|x(n))(
½"Äuù�^5y©§z��pd¤°=��c�!¤ã�üpd�.ë

ê�O�{?1�.Ôö"

òþãL§/ªz�üÚµ1�Ú¦z(n)���VÇ§�n)�éÛC

þD�§l���.`z¤I��êâ&E;1�Ú��êâ?1�.ë

ê�O"���dúª§��VÇ�O��ªXeµ

p(z(n)|x(n)) = p(x(n)|z(n))p(z(n))
p(x(n))

=
p(x(n)|z(n))p(z(n))

∑k p(x(n)|z(n))p(z(n))
.

Ù¥p(z(n) = k) = πk �1k�pd¤°�k�VÇ"Äuù���VÇ§=�

épd¤°�ëê?1�O"éz�pd¤°?1�O�§Ôöêâ�)Ô

ö8¥�¤k��§�z���±p(z(n) = k|x(n))�'~é1k�pd¤°�

zÚOþ"�{Bå�§Pù�'~�rnk"{üí���Xeëê�Oú

ªµ

µk =
1

∑n rnk

N

∑
n=1

rnkx(n),

σk =
1

∑n rnk

N

∑
n=1

rnk(x(n)−µk)
2.

ék�VÇπk§·��±^¤kêâ3z�pd¤°þ��z'~5�O"

πk =
∑

N
n=1 rnk

N
.

5¿þãëê�Oúª¿Ø´��4ª)§Ï�rnk���6�c�.

ëê",§ù
úª(¢Jø
�«S�¦)�{§l��Ð©ë

êm©§O�rnkÚ�.ëê`z�O?1"ù��{¡�Expectation-

Maximization £EM¤�{§Ù¥Expectation ´��rnk����q,¼ê

�Ï"§Maximization´�éTq,¼êÏ"?1��z [5]"

��`²�´§EM�{���¿Ø´��q,)"Äk§GMM�q,

¼ê¿Ø´��à¼ê§ù�:lpd¤°mäké¡5=�w�§Ïdé

J�����Û��q,)¶Ùg§EM�{�MÚ¿Ø´3��zq,¼

ê§´q,¼ê��c��VÇ���Ï""�¡·�¬w�§ù�Ï"

¯¢þ´q,¼ê���e.§ÏLS�`zù�e.¼ê§EM�{¬Â
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Ö�q,¼ê���ÛÜ���"3éõ�¹e§ù�ÛÜ�`)®²��

�±÷v°Ý�¦"

6.4.2 ÛÛÛêêê������ÅÅÅ���...

�.L«

GMM´·��.§ØUéÐ£ãêâ��S�'5"Ûê��Å�.

£Hidden Markov Model, HMM¤´{ü��SVÇ�.§3�Ñ£O!g,

�ó?n!7Kêâ©Û�¯õ?Ö¥¼�2�A^"·�Äk0�ê�Å

ó§,�òÙ*Ð�HMM�."

��ê�ÅóqT
1 = [q1,q2,q3, ...,qT ] ´äkê��Å5��¯�S�"

¤¢ê��Å5�§´�,����G�qt�VÇ©Ù��c����G

�qt−1 k'"Ïd§��ê��Åó�VÇd��Ð©VÇ©ÙπÚ��

G�=£Ý
A(½§Ù¥Ai j�dG�ia�G� j�VÇ"äNVÇ/ªX

eµ

P(q1 = i) = πi

P(qt = j|qt−1 = i) = Ai j(t) i, j = 1,2,3, ...,T.

XJ=£VÇ��mÃ'§=Ai j(t)é¤ktÑ´���§KTê��Åó¡

�àgê��Åó"�õêA^¥§·��'%àgê��Åó"àgê�

�Åó�VÇO�Xeµ

P(qT
1 ) = πq1

T−1

∏
i=1

Aqt qt+1 .

Ûê�Å�.£HMM¤´ê��Åó���*Ð"3HMM¥§G�

��Ø���*ÿ§�UÏL,���ÅCþm�ín��"äN5`§

HMM½Â
��)¤�.§T�.Äkd��ê��Åó�Å)¤��G

�S�§2dT�ÅS��z�G��Å)¤��*ÿ�§l)¤���

��*ÿS�"ù�*ÿS��±´ëY�§��±´lÑ�")¤ëY

*ÿ��HMM¡�ëYHMM§)¤lÑ��HMM¡�lÑHMM"��§

HMM�.äkV�Å5§QkG�þ�Ø(½5§�k)¤*ÿ�þ�

Ø(½5"�GMM�'§HMM�.�Ä��Sþ�c��6'X£=£Ý
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A¤§Ïd´�«Ä��S�.§�±^5£ã����muÐ��ÅL

§¶Ó�§ù��.Ú\�ê��Åb�4�ü$
�.E,Ý"Äud§

HMM�.3éõ+���2�A^"HMMÑÑ�*ÿ��±´ëY�§ã

6.16�Ñ
��lÑHMM�~f§Ù¥z�G�UØÓ�Multinomial©Ù)

¤*ÿ�"

1 2 3 4 5

0.2

0.5

0.3

0.5

0.1

0.4

0.3

0.6

0.1

Fig. 6.16 lÑóªÛê�Å�.(�§�¹Ê�G�§�)��m©G�§n�ÑÑG�
Ú��(åG�"Ù¥n�ÑÑG��)¤*ÿ�§z�G�UØÓ�Multnomial©Ù)

¤n«lÑ*ÿ�"

q1 q2 q3 q4 q5 q6

x1 x2 x3 x4 x5 x6

Fig. 6.17 éAG�=£ã 6.16�VÇã�."

ÚGMM�.aq§HMM�.��±L�¤��k�VÇã§Ù¥z�

���G�Ú*ÿCþÑ´ã¥�!:§�����G�äkê��Å�'

5§Ïddk�>�ë"ã 6.17�ÑéAã 6.16�VÇã�."3ù�ã�

.¥§ëê�)Ð©VÇ©ÙπÚG�=£VÇÝ
A§Ó�½Â
�½,�

G��^�VÇ©Ùp(x|qt ;b)§Ù¥b´TVÇ©Ù�ëê"�½��*ÿS

�x§XJG�S��q§KTã�.L«�éÜVÇ©ÙXeµ

p(x,q;θ) = πq1 p(x1|q1;b)
T

∏
t=2

Aqt−1qt p(xt |qt ;b). (6.3)

é¤k�U�q�>�z§��x�)¤VÇXeµ
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p(x;θ) = ∑
q

πq1 p(x1|q1;b)
T

∏
t=2

Aqt−1qt p(xt |qt ;b). (6.4)

Ù¥θ = {π,A,b}´�.ëê" p(x|qt ;b)Q�±´lÑ�§��±´ëY�§

cö·^ulÑ*ÿ�£=lÑHMM¤§�ö·^uëY*ÿ�£=ë

YHMM¤"��lÑ*ÿ��^�VÇ´�Multinomial©Ù§ëY*ÿ��

^�VÇõæ^GMM�."±GMM�ÑÑVÇ�HMM�±@�´GMM�

.�õG�*Ð§GMM�@�´�k��G��HMM"

ëê�O

Ûê�Å�.�ëê´��n�|θ = {π,A,b}§�.Ôö�8�´Ä
u�X�*	��{x(n)}§(½��n�|θ¦�Xeq,¼ê��zµ

L(θ) =
N

∑
n=1

ln p(x(n);θ).

w,ù�q,¼êØ´��à¼ê§ÏdØ�3�Û�`)"ÚGMM�.

��/aq§HMMÔö¥�Ì�(J3u�.¥�3ÛCþ§=z��*

ÿ�¤éA�G�",	§XJz�G��^�VÇ´�GMM�.§z�

*ÿ�éA�pd¤°�´�ÛCþ"3e¡í�¥§·�b�G�^�V

Ç�üpdëY©Ù"

ÚGMM�.�ëê�Oaq§·��±^EM�{éHMM?1ëê�

O"T�{Äu�u�.ëêO�ÛCþ���VÇÚ�dVÇ���q,

¼ê�Ï"§2��zTÏ"��#�ëê�O"äNó§��c�.ë

êθ ′§éz�*ÿS�x�±O�G�´»q���VÇp(q|x;θ ′)§2�dO

�q,¼ê�Ï"Xeµ

L̃(θ) =
N

∑
n=1

∑
q

p(q|x(n);θ
′) ln p(x(n),q;θ). (6.5)

þª´��à¼ê§Ïd�¦��Û�`)"5¿§�θ = θ ′�§L(θ) =

L̃(θ)§ÄKL̃(θ)< L(θ)"ù¿�XL̃(θ)´L(θ)�e."�éL̃(θ)`z���

ëê´θ̂§w,kµ

L̃(θ̂)≥ L̃(θ ′) = L(θ ′)

Ïd§ù�`z���θ̂´'θ ′äk��q,��ëê"
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þãEM�{¥'�(J�´O�ª£6.5¤¥���VÇp(q|x;θ ′)§±

9?nü�\Úö�§Ï�üöÑI�O��þ�U�´»q"duØÓ´

»mk�þU§�Ä:úª£6.3¤£6.4¤£6.5¤¬E¤�þO�L¤"

Baum ÚWelch �Ñ
��ÄuÄ�5z�¯�O��{§Ï~¡

�Baum-Welch�{ [3, 1, 2]"òª£6.5¤���nXeµ

L̃(θ) = ∑
n

∑
q

p(q|x(n);θ
′)∑

t
ln f (qt−1,qt ,x

(n)
t ), (6.6)

Ù¥§·�½Âµ

f (q0,q1,x1) = πq1 p(x1|q1;b),

f (qt−1,qt ,xt) = Aqt−1qt p(xt |qt ;b) t = 2,3, ...T.

éþª�n��µ

L̃(θ) = ∑
n

∑
t

∑
q

p(q|x(n);θ
′) ln f (qt−1,qt ,x

(n)
t ) (6.7)

= ∑
n

∑
t

∑
qt−1,qt

p(qt−1,qt |x(n);θ
′) ln f (qt−1,qt ,x

(n)
t ), (6.8)

Ù¥1���ª¥é¤k�U´»q?1
>�z§Ïd��3
q3t −
1Út��©O?uG�qt−1 Úqt�VÇ©Ù"²Lù�C�§¦�·�Ø7

wª/é¤k�U�´»q?1O�§Ï4�!�
O�þ"

,§·��,I�O�p(qt−1,qt |x(n);θ ′)§��©úª§O�ù���

I�>�VÇp(x(n);θ ′)§ÏÓ���Ä¤k�U´»"æ^Ä�5y�

{§�±4�~�O�þ"é,�S�x§½Â��c�VÇα(t,s)L«3t�

�±G�s(å�¤k´»�VÇÚµ

α(1,s) = πs p(xt |s)

α(t,s) = ∑
s′

α(t−1,s′)A(s′s)p(xt |s;b); t = 2,3, ...,T

Ó�§½Â��VÇβ (t,s)�3t��±G�sm©�¤k´»�VÇÚµ

β (T,s) = 1

β (t,s) = ∑
s′

β (t +1,s′)Ass′ p(xt+1|s′;b); t = T −1,T −2, ...,1
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dd§�BO��«>�VÇXeµ

p(x,qt) = α(t,qt)β (t,qt),

p(x,qt−1,qt) = α(t−1,qt−1)Aqt−1,qt p(xt |qt ;b)β (t,qt).

p(x) = ∑
s

α(t,s)β (t,s) = ∑
s

α(T,s) = ∑
s

πs p(x1|s;b)β (1,s).

Äuþãúª§��BO�z���¤?G����VÇXeµ

p(qt |x) =
p(x,qt)

p(x)
,

p(qt ,qt+1|x) =
p(x,qt ,qt+1)

p(x)
.

5¿þãO�Ñ´Äu�c�.ëêθ ′§Ïdk

p(qt−1,qt |x) = p(qt−1,qt |x;θ
′).

Äup(qt−1,qt |x;θ ′)§=�O�q,¼ê�Ï"£6.8¤¿éÙ?1`z"

o(å5§du�3ÛCþ£G�S�¤§HMM�.�q,¼ê/ª'

�E,§��`zTq,¼ê'�(J"EM�{Jø
�«�{§3z�

Ú`z��O��äk4ª)�e.¼ê§^S�{¦Te.¼ê��`

ëê§ddé�q,¼ê?1Cq`z",§duO?�`zù�e.¼

êIé�þ�U�G�´»?1>�z§ÏdO��Ç�$"�Jp�Ç§

Baum-Welch�{ÄuÄ�5y�Ké´»?1�n§;�EO�§4�J

p
O��Ç"duBaum-Welch�{��3§HMM�±2�A^"

6.4.3 ���555^̂̂������ÅÅÅ|||

�.L«

HMM�.½Â�VÇ'X{ü�ß§ínN´§�éE,'X�£ã

UåØr"ù´éõk�ã�.�A:§Ï��é^�VÇ'X��ß�½

Â§�Ä�ínÚëê�O�(J§  I�ÀJ{ü�VÇ¼ê§Ïd¬

���½�L�Uå"Ã�ã�.Kvkù�¯K§ÏuØé^�VÇ��
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�½Â£�½ÂClique�³¼ê¤§Ã�ã�.Ï~�^�{ü�ÿÀ(�£

ã�E,�©Ù"

HMM�,��¯K3uÙ)¤�.���"�½��ýÿ?Ö§Ù

¥{xi}´*ÿS�§{yi}´ýÿS�"HMMÏL£ã{yi}z����m�V
Ç'Xp(yi|yi−1)±9xi �yi �VÇ'Xp(xi|yi)5£ãXÚ�VÇ5�"ù«

�{��þ´ép(x,y)ï�§2ÄuVÇ5KínÑp(y|x)§Ïd´;.�)
¤�."ùa�.���A�´I�ép(x)ï�§ù��.¿Ø´ýÿ?

Ö'5�:§Ï�·��'5��VÇp(y|x)�O(5"XJép(x)ï�

´°(�§w,kÏuJpp(y|x)��O�þ§�XJp(x)ï�Ø°(§K¬

K�ép(y|x)��O"3HMM�.¥§��.{'Ú\�óª(�9z�G

�e�^�ÕáÓ©Ùb�w,´o÷�§dd���p(x)�Oäk�� 

�§ÏK�p(y|x)�O(5"
þãü�¯K£E,©Ù£ãUåk�Úp(x)Ø°(¤Ñ�±ÏLO\

�.�E,Ý)û§X3*ÿCþxi�mïáVÇ'X§�ùò»�HMM¥

{'�óªÿÀ(�§�ínÚëê�O�5(J"��±�.(��

{'Ó�Jp�.L«Uå§�lü��Ý\Ãµ£1¤^Ã�ã�.�O

k�ã�.§l�gd�OClique�³¼ê§JpéE,VÇ©Ù�L

�Uå¶£2¤^«©5�.�O)¤�.§=��ép(y|x)ï�§l;�
ép(x)�O�(J"�5^��Å|£Linear-Chain CRF, L-CRF¤=´ù«�

. [22, 16]"ã 6.18�Ñ��L-CRF�~f"L-CRF½ÂXe��VÇ¼êµ

p(y|x) = 1
Z(x)

T

∏
t=1

Ψt(yt−1,yt ,xt),

Ù¥§·�®²½Ây0���å�Cþ£Dummy Variable¤§ÏdΨ1(y0,y1,x1)=

Ψ1(y1,x1)"Z(x)´8�zÏf"5¿ù�Ïf´x�¼ê§ù´ÚIOÃ�

ã�.�Ì��«O"³¼êΨt äkXe/ª§

Ψt(yt−1,yt ,xt) = exp

{
K

∑
k=1

θk fk(yt−1,yt ,xt)

}
.

þª¥, fk(·)¡�A�§�±´?¿ëY¼ê½IP¼ê§θk´éA�ëê"

X3Shallow Parsing?Ö¥§ fk(·)�±´δ (yt−1 = Noun)½δ (yt = Noun)δ (xt =

America)"
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x1 x2 x3 x4

y1 y2 y3 y4

Fig. 6.18 � 5 ^ � � Å |" T � . ½ Â X e ^ � V Çp(y|x) =
1

Z(x)Ψ1(y1,x1)Ψ2(y1,y2,x2)Ψ3(y2,y3,x3)Ψ4(y3,y4,x4)"

CRF�HMMÚLogistic£8�'X

��`²�´§þãL-CRF�.�±@�´HMM�.�*Ð§��Ü

·�{θk}Ú{ fk}�§þãL-CRF�.ò�duHMM�."���Ùw�ù�

:§·�±��lÑHMM�~§�ÙG��m�S§*ÿ�m�O§K�ò

ÙéÜVÇU�Xeµ

p(x,y) =
T

∏
t=1

p(yt |yt−1)p(xt |yt)

=
T

∏
t=1

exp

{
∑

i, j∈S
θi jδ (yt = i)δ (yt−1 = j)+∑

i∈S
∑

o∈O
µoiδ (yt = i)δ (xt = o)

}
,

(6.9)

Ù¥µ

θi j = ln p(yt = i|yt−1 = j) (6.10)

µoi = ln p(xt = o|yt = i). (6.11)

þª�/ªz�¤µ

p(x,y) =
T

∏
t=1

exp

{
K

∑
k=1

θk fk(yt ,yt−1,xt)

}
.

K��VÇkµ
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p(y|x) = p(y,x)
∑y′ p(y′,x)

=
∏

T
t=1 exp

{
∑

K
k=1 θk fk(yt ,yt−1,xt)

}
∑y′∏

T
t=1 exp

{
∑

K
k=1 θk fk(y′t ,y′t−1,xt)

} .
�Z(x) = ∑y′∏

T
t=1 exp

{
∑

K
k=1 θk fk(y′t ,y

′
t−1,xt)

}
§Kþª�´L-CRF�/ª"5

¿3ù�/ª¥§θkÚ fkÑkAO�½Â§ÏdHMM�±@�´L-CRF�A

~§L-CRF�ÏL*Ð fk¢yéE,©Ù�ï�"

Ó�§L-CRF�±@�´Logistc£8�S�ýÿ?Ö�*Ð"·��

�Logistic£8äkXe/ªµ

p(y|x) = σ(wT x)

Ù¥σ´Logistic¼ê£�©a?Ö¤½Softmax¼ê£õ©a?Ö¤"±õ©

a?Ö�~§b�©a?Ö�kKa§x��Ý�D§Kþª��¤Xe/

ªµ

p(y|x) = 1
Z(x)

exp{
K

∑
k=1

D

∑
d=1

θk,d fk,d(x,y)}, (6.12)

Ù¥µ

θk,d = w(k,d),

fk,d(x,y) = xdδ (y = k),

Z(x) = ∑
y′

exp{
K

∑
k=1

D

∑
d=1

θk,d fk,d(x,y′)}.

ò(k,d)����IPS�§Kª£6.12¤äkÚL-CRF���/ª§�Ø

Ly´��Õá©a§Ø´©aS�"

ëê�O

L-CRF�.�ëê´{θk}§�.Ôö�8�´Äu�X�Ôö�
�{(x(n),y(n))}§(½ëê{θk}¦�Xeq,¼ê��zµ

L(θ) = ∑
n

ln p(y(n)|x(n))

= ∑
n

∑
t

Ψt(yn
t ,y

(n)
t−1,x

(n)
t )−∑

n
lnZ(x(n))

= ∑
n

∑
t

∑
k

θk fk(y
(n)
t ,y(n)t−1,x

(n)
t )−∑

n
lnZ(x(n)).
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þª�d?¿�«�`z�{¦)§XSGD§Newton�{"��~^��{

´BFGS�{ [4]§ù��{^��&E5Cq��&E"éþª¦θk��ê§

kµ

∂L
∂θk

= ∑
n

∑
t

∑
k

fk(y
(n)
t ,y(n)t−1,x

(n)
t )

−∑
n

∑
t

∑
y,y′

p(yt ,yt−1|x(n)) fk(yt ,yt−1,x
(n)
t ). (6.13)

þªL²θkþ�Ø�5u±Ôö8¥y(n)�ëê� fkÚ±�.���V

Çp(yt ,yt−1|x(n))�Ï"��� fk��"þª¥§fk´�O��§�p(yt ,yt−1|x)é
JO�"ù´Ï�p(yt ,yt−1|x)´p(y|x)�>�VÇ§I�é¤kØ3tÚt−1�

��yt�>�z"du�3�þ�U�´»y§ù�VÇ�O��~E,"

·��^aqHMM¥Baum-Welch�{�Ä�5y�{ép(yt ,yt−1|x)¦
)"aqBaum-Welch�{§·�|^¦{©�ÆéZ(x)Ðm§��µ

Z(x) = ∑
y

∏
t

Ψt(yt−1,yt ,xt)

= ∑
y2,y3,...,yT

T

∏
t=2

Ψt(yt−1,yt ,xt)∑
y1

Ψ1(y0,y1,x1)

= ∑
y3,y4,...,yT

T

∏
t=3

Ψt(yt−1,yt ,xt)∑
y2

Ψ2(y1,y2,x2)∑
y1

Ψ1(y0,y1,x1)

... (6.14)

½Âc�CþXeµ

α(1,y) =Ψ1(y0,y1,x1),

α(t,y) = ∑
y′

α(t−1,y′)Ψt(y′,y,xt),

Ù¥y0´c¡½Â�å�Cþ"þã48O��;��þE´»O�§�

48O�(å�§=kµ

Z(x) = ∑
yT

α(T,yT ).

aq/§éZ(x)���48O�§½Â��CþXeµ

β (T,y) = 1,
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β (t,y) = ∑
y′

β (t +1,y′)Ψt+1(y,y′,xt+1).

�48(å�§Ó��O�Z(x)Xeµ

Z(x) = ∑
y

Ψ1(y0,y,x1)β (1,y).

þ¡½Â�c�Ú��Cþ�HMM¥½Â�c�Ú��VÇÚäk�

Ó/ª§�ØL3HMM¥Ψt(yt−1,yt ,xt)½ÂØÓ"¯¢þ§XJ·��Xe

½Âµ

Ψt(yt−1,yt ,xt) = p(yt |yt−1)p(xt |yt),

Kþãí�L§ÚHMM�Baum-Welch�{´�����"duΨt(yt−1,yt ,xt)½

ÂäkVÇ¿Â§HMM¥�c��Cþ�n)�´»�VÇÚ§L-CRF¥K

Øäkù«¿Â"

Äuα(t,y)Úβ (t,y)§�±éN´����VÇp(yt−1,yt |x)Xeµ

p(yt−1,yt |x) =
∑y1,y2,...,yt−2 ∑yt+1,yt+2,...,yT ∏

T
l=1Ψl(yl−1,yl ,xl)

Z(x)

=
α(t−1,yt−1)Ψt(yt−1,yt ,xt)β (t,yt)

Z(x)
.

dd§úª£6.13¤¤k���O�"

I�`²�´§þã�.ëêÔö�cJb�´{y(n)t }´®��§ù�
��±ÏLr�éà�{¢y"Äuù�cJ§L-CRF¥´Ø�3ÛCþ�§

Ïdþãëê`z�{´���é{ü��`z¯K"XJ�Kù�b�§

KI��Ä¤k�U�éà§ù��uÚ\
��aqHMM�.�ÛCþ

S�q§TÛCþS�ÎÜÑÑS�y£=q´S�y�*Ð§Ù¥z�y¥��

��UEeZg§éAx¥Ó����¤"Ú\ÛCþ�§�.�8I¼ê

I�éq�>�z§=µ

L(θ) = ∑
n

ln ∑
q∈E (y(n))

p(q|x(n)), (6.15)

Ù¥E (y)´¤kÎÜy�G�S�"du�3ÛCþ§þã8I¼ê�`z

C��\(J"·��±|^HMM¥?ØL�EM�{§±�cëêO��

�VÇp(q|x(n))§2ÄuT��VÇ¦q,¼ê�Ï"§��éTq,¼ê
Ï"¦�`z"ØØ´¦��VÇp(q|x(n))§�´éq,¼êÏ"?1`z§
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ÑI�é�þ´»�>�z§ÏdI�|^c¡?Ø�c��48O��

{"�kÛCþ�CRF¡�ÛG�CRF£HCRF¤ [21]"ùpÛCþØÛ�u

Ñ\Cþx�ÑÑCþy�éà§¯¢þ�±´?¿£ãêâ©Ù(��ÛC

þ"

�.*Ð

^��Å|£Conditional Random Field§CRF¤´�a;.�Ã�ã�

.§L-CRF�´Ù¥�{ü�óª�."L-CRF�*Ð��Ï^�óª(�§

Ù¥�±y�óª(�ØC§�z�Ψt�6��Ñ\S�x"duy�±óª§

ÙÏf©)�ªØC§ëê�O�{��±ØC"L-CRF?�Ú�*Ð¤�

óª(�§=��CRF"ù�Ïf©)�ª¬C��\E,§��I�Cq

ín�{"

6.5 EM�{

£�c¡0��GMM!HMM!HCRF��.§ØJuy§ù
�.Ñ

k���Ó�A:§=�3ÛCþ"aqu ²�.¥�Ûõ�§ÛCþ

��3¦�VÇ�.é+��£�L�Uå��Jp§Ó�4�Or
�

.éE,VÇ�L�Uå",§ÛCþ��3¦�VÇ�.�ëê�O

£=�.Ôö¤��(J§Ï�éq,¼ê`zI�é¤kÛCþ?1>�

z§ù3õê�¹e´�~E,�"EM�.Jø
�«Ï^�)û�{§

^±é�¹ÛCþ��.¦q,¼ê�ÛÜ�`)"ù�!·�ò?ØÏ^

�EM�{§GMM!HMM!HCRF¥�EM�{Ñ´ù�Ï^�{�A~"

b���VÇ�.p(x,z;θ),Ù¥x�L¤k*ÿCþ§z�L¤kÛCþ

£b�ùp�ÛCþ�lÑCþ§�ÛCþ�ëYCþ�§eã?Ø¥�\

ÚC¤È©=�¤"w,§z3GMM¥éApd¤°§3HMMÚHCRF¥é

AG�S�"ù�éÜVÇ©Ùd�|ëêθ ��"·��ªF"��zX

eq,¼ê:

L(θ) =
N

∑
n=1

ln p(x(n);θ).

é?¿��3zþ�©Ù¼êq(z)§²L{üí�§�±��¼êL(θ)���

e.µ
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L(θ) = ∑
n

∑
z

q(z) ln p(x(n))

= ∑
n

∑
z

q(z) ln
p(x(n),z)
p(z|x(n))

= ∑
n

∑
z

q(z) ln
p(x(n),z)

q(z)
q(z)

p(z|x(n))

= ∑
n

∑
z

q(z) ln
p(x(n),z)

q(z)
+∑

n
∑
z

q(z) ln
q(z)

p(z|x(n))

= L̃(θ)+∑
n

KL(q(z)||p(z|x(n)))

þª¥·�½Â


L̃(θ) = ∑
n

∑
z

q(z) ln
p(x(n),z)

q(z)
.

duKL(q(z)||p(z|x(n)))≥ 0§ÏdL̃(θ)´L(θ)�e.¼ê"

ÏLéL̃(θ)`z§=�k"��'�cθ�Ð��"5¿q(z)�±�

?¿¼ê§�L$�e.ò��¿Â"�«�ª´�Äu�cëê��

�VÇp(z|x;θ ′)§ù�3θ ′:kL(θ ′) = L̃(θ ′)§Ïd��y`zθ̃���#

�θ�θ ′′ k�Ð�q,�§=µ

L̃(θ ′′)≥ L̃(θ ′) = L(θ ′).

þã`zL§Xã6.19¤«µÄu�c�.ëêθ ′§O���e.¼

êL(θ ;θ ′)"ù^��q,¼ê�L(θ)3θ ′:��"éL̃(θ ;θ ′)?1`z§

��#�ëêθ ′′§Äuù�#�ëê���L̃(θ ;θ ′′) ´�Ð�e.¼ê"

EM�{�/ªz��{ 1.
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Fig. 6.19 EM�{"L(θ)´�%C�q,¼ê§^7o�L«"θ ′´�cëê§Äud�

��e.¼êL̃(θ ;θ ′)"éTe.¼ê�`z��#�ëêθ ′′§ÄuTëê���e.¼

êL̃(θ ;θ ′′)´�Ð�e.¼ê"

1 Random Initialize θ ;

2 while True do
3 θ ′ = θ ;

4 Expectation:

5 Compute p(z|x;θ ′);

6 Compute L̃(θ);

7 Maximization:

8 θ ′′ = argmaxθ L̃(θ) ;

9 if |θ ′′−θ ′|< δ then
10 Break;

11 end
12 θ = θ ′′;

13 end

Algorithm 1: EM�{"
��`²�´§EM�{Jø
��Ï^�ëê�Oµe§�éäN�

.���OäN��{5O���VÇp(z|x;θ ′)Ú`zq,¼ê�Ï"L̃(θ)"

éuGMMÚHMM�.§ØØ´��O��´q,Ï"`zÑk�Ð�4

ª)§�é�E,��.§ù�¦)L§¿Ø�*§X3HCRF¥§I^æ



6.6 °(ín�{ xlix

^ê�`z�{§;.�XSGD§Newtown, BFGS�"�õ`z�{ò3

1 11ÙäN0�"éu��VÇO�§·�®²3HMM�.�!¥?Ø


Bauch-Welch�{§ù��{¯¢þ´�Ï^�\Ú-¦È£Sum-Product¤

�{�A~§�öK´�éÜä£Junction Tree¤�{�A~"ù
�{

�±°(O���VÇ§�=·^uA½�ã(�§XóG½äG"éu�

E,�ã�.§��æ^Cq){"�Ù�¡ü!ò?Ø�)��VÇO�

3S�ã�.ín�{"

6.6 °(ín�{

�½��VÇ�.§·��±¦,�½,A�Cþ�>�VÇ§½�

½,
Cþ§¦,�
Cþ���VÇ§ù
ö�¡�VÇ�.�ín

£Inference¤"ín3VÇ�.¥�'�§Ï��kÏLín§âUlã�

.¤L«�E,ÛÜ'X¥í�Ñ�Û�'5"íné�.Ôö��©

�§Ï�O���VÇ´EM�{�'�Ú½"éu{ü�.§�3°(í

n�{§�é�õê�.§�U��Cqín"�!ò0�°(ín�{§

Cqín�{ò3e!0�"�!¥·�=�Ä>�VÇ§Ï�k
>�V

Ç§|^��d½n=�O���VÇ"

6.6.1 \\\ÚÚÚ-¦¦¦ÈÈÈ���{{{£££Sum-Product Algorithm¤¤¤

x1 x2 x3 x4

x1 x2 x3 x4

(a) 有向图

(b) 无向图

Fig. 6.20 óª(��VÇã�.§Ù¥(a)�k�ã�.§£b¤�Ã�ã�."
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·�l�{ü�óª(��>�VÇm©?Ø§Xã 6.20¤«"ù��

.�éÜVÇ�Ú��¤XeÏf©)/ªµ

p(x) =
1
Z

T

∏
t=1

Ψt(xt−1,xt), (6.16)

Ù¥x0´��å�Cþ§¦�

Ψ1(x0,x1) =Ψ1(x1).

éã 6.20 (a)¤«�k�ã§k

Z = 1;Ψt(xt−1,xt) = p(xt |xt−1).

éã 6.20 (b)¤«�Ã�ã§Kk:

Z = ∑
x

T

∏
t=1

Ψt(xt−1,xt),

Ψt(xt−1,xt)�½Â3Clique(xt−1,xt)þ�³¼ê"

·�'%Xeín?Öµ�½Xª 6.16¤«�éÜVÇ§O�?�Cþ

�>�VÇp(xi)"·�òí���ÄuÄ�5y�¯��{§ÙÄ�g´

´µ�·�éó¥�Cþ?1>�z�§I�é¤k�U�´»O�VÇ§

¿ò¤k�U�´»\Ú§ùp>�¹
�þEO�"^Ä�5y�{§

òÜ©´»Ü¿§l�þ~�O�m�"

y34·�¦óª(�¥1i�Cþ�>�VÇp(xi)"�>�VÇúª§

dª£6.16¤��µ

p(xi) = ∑
x1,...,xi−1,xi+1,...xN

p(x) =
1
Z ∑

x1,...,xi−1,xi+1,...xN

T

∏
t=1

Ψt(xt−1,xt).

òþªmý�\Ú�¦È�n��µ

p(xi) =
1
Z
[ ∑
x1,...,xi−1

i

∏
t=1

Ψt(xt−1,xt)][ ∑
xi+1,...xN

T

∏
t=i+1

Ψt(xt−1,xt)], (6.17)

Ù¥1���xi�ý¤k±xi�(åG��´»�Ú§1���ximý¤k

±xi�å©G��´»�Ú"|^¦{©�Æé1����n§kµ
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∑
x1,...,xi−1

i

∏
t=1

Ψt(xt−1,xt)= ∑
xi−1

Ψi(xi−1,xi) ∑
xi−2

Ψi−1(xi−2,xi−1)...∑
x2

Ψ3(x2,x3)∑
x1

Ψ2(x1,x2)Ψ1(x0,x1).

þªL²¦��S��¤k�U´»�CþÚ�§�òCþ�gJ�Ñ5

�>�z§l;�éCþ�EO�"�±½Â��ÚOþαi(xi)5L«

±xi�(åG��¤k´»�CþÚµ

α(1,x1) =Ψ1(x0,x1),

α(i,xi) = ∑
xi−1

α(i−1,xi−1)Ψt(x j−1,x j).

Ón§ª£6.17¤�1����¤Xe/ªµ

∑
xi+1,...,xT

T

∏
t=i+1

Ψt(xt−1,xt)= ∑
xi+1

Ψi+1(xi,xi+1)... ∑
xt−1

ΨT−1(xT−2,xT−1)∑
xT

ΨT (xT−1,xT )

½ÂÚOþr j(x j)�±x j�å©G��¤k�U´»�VÇÚ:

β (T,xT ) = 1,

β (i,xi) = ∑
xi+1

β (i+1,xi+1)Ψi+1(xi,xi+1).

dª£6.17¤§xi�>�VÇ�O�Xeµ

p(xi) =
1
Z

α(i,xi)β (i,xi).

Ù¥Z�dc��CþO���µ

Z = ∑
xi

α(i,xi)β (i,xi) = ∑
xT

α(T,xT ) = ∑
x1

β (1,x1)

ÄuÜ©´»�CþÚα(i,x)Úβ (i,x)§�±O�Ù§>�VÇÚ��V

Ç§Xµ

p(xi,xi+1) =
1
Z

α(i,xi)Ψi+1(xi,xi+1)β (i+1,xi+1),

p(xi+1|xi) =
p(xi,xi+1)

p(xi)
.

þã�{¡�\Ú-¦È�{"ù��{¢�þÒ´|^¦{�©�Ç§

é�5k¦�\�O�L§#N�\¦^S§l;�EO�"XJ·

�£Á�eHMM¥�Baum-Welch�{¥¦��VÇp(qt−1,qt |x)ÚL-CRF¥

¦>�VÇp(yt−1,yt |x)��{§Ò�±uyù
�{¯¢þÑÄuaq�g
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´§�ØLÄuØÓ�³¼ê½Â§ÏdÑ´\Ú-¦È�{3äN�.¥�

A~"

6.6.2 äääGGG(((������\\\ÚÚÚ-¦¦¦ÈÈÈ���{{{

x1

x2

x4

x3

x6x5

Fig. 6.21 ä(��k�ã�."

\Ú-¦È�{�±*Ð�äG(�"Xc¤ã§k�ã�VÇÏf©)

(�ÚÃ�ã�³¼êÏf©)�@�´�d�§Ïd�òüöÑÚ��Ã

�ã§�·�=�ÄÃ�ã¥ä(��\Ú-¦È�{"±ã 6.21¤«�

äG�.�~§b�·��¦x2 !:�>�VÇ§kµ

p(x2) =
1
Z ∑

x1,x3,x4,x5,x6

Ψ1,2(x1,x2)Ψ1,3(x1,x3)Ψ3,6(x3,x6)Ψ2,4(x2,x4)Ψ2,5(x2,x5)

=
1
Z ∑

x1

Ψ1,2(x1,x2)∑
x3

Ψ1,3(x1,x3)∑
x6

Ψ3,6(x3,x6)∑
x4

Ψ2,4(x2,x4)∑
x5

Ψ2,5(x2,x5)

þªréÜVÇp(x)Ux2��>©)¤nÜ©:

m4→2(x2) = ∑
x4

Ψ2,4(x2,x4) (6.18)

m5→2(x2) = ∑
x5

Ψ2,5(x2,x5) (6.19)
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m1→2(x2) = ∑
x1

Ψ1,2(x1,x2)∑
x3

Ψ1,3(x1,x3)∑
x6

Ψ3,6(x3,x6). (6.20)

dd��:

p(x2) =
1
Z ∏

i=N(x2)

mi→2(x2)

Ù¥N(x2)L«x2¤k��!:�eI"5¿§�¤±�±�ù��©)§´

Ï�±x2�¥%����fãpØU"¯¢þé��ä(�§ù�5�é

?¿��!:Ñ·^"·��±òØÓ���Ïfw�lØÓ��6�x2�

&Eþ§�¤k&EþO��¤�§K�±O�?¿��!:�>�VÇ"

�k�O���!:�����&Eþ§·��±�O��48�{§l�

f!:m©\È&Eþ§g.�þ��!:8�"Äuä(�§��yù�

8�L§´��¤�"éä¥?¿��!:xi§��Ù¤kf!:&EþO

��¤�§�eª�ÙI!:xpa(i)D4&Eþµ

mi→pa(i)(xpa(i)) = ∑
xi

∏
j∈Child(i)

m j→i(xi)Ψi,pa(i)(xi,xpa(i)).

�þã&EþD4���!:�§·�¯¢þ®²�±O�¤k´»�&E

þ§=Z"ù�l�!:gº�e�¤k�f!:��D4&Eþ"3?¿

�!:xi§�Ù?¿��f!:Dx�&EþO�Xeµ

mi→k(xk) = ∑
xi

mpa(i)→i(xi) ∏
j∈{Child(i)−{k}}

m j→i(xi)Ψ(xi,xk) ∀k ∈Child(i).

���&EþD4��¤k�f!:�§=�O�?¿��½A�Cþ�>

�VÇ"

6.6.3 éééÜÜÜäää���{{{£££Junction Tree¤¤¤

cã�\Ú-¦È�{=·^uäG(�§é��VÇã�.§Ï�ØU

�yz�!:�8�´^S��¤�§ÏdÃ{·^"���{´òÏ^ã

(�=z¤ä(�§2Äu\Ú-¦È�{�ín"ù��{¡�éÜä�{

£Junction Tree Algorithm¤ [17, 24]"Ó�§·�=?ØÃ�ã�¹"XJ�

?n��k�ã§KI�kòÙ=�¤Ã�ã"k�ã=z¤Ã�ã��{
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31 6.3.1.1!?ØL§Ù¥���Ú´Moralization§=éäkõ�I!:

�!:O\N\>§¦{xi,{x j : j ∈ pa(i)}}¤���Ü{�Clique"Ú��Ã

�ã�§�±òTãL«¤��&E6ã§Ù¥z�&E!:éAÃ�ã¥

���Clique§Clique�m��kCþL«�&E!:m�>"ã 6.22�Ñù

�=��~f"��§Tã¥�¹�G(�§ÏdØU^SO�&E6"�

d§·�òTÃ�ã?1n�z§3�¥\\N\>§�yØ�3�Ln�

!:��"��5`§���G(��ÏLõ«\>�{?1n�z§��

�n��n�z�Y´O\���>��8�"ã 6.25�Ñn�z�~fµ

ÏL3!:EÚ!:G�m\\N\>§¦�ã¥Ø�3�L3�!:��"

n�z��Ã�ã=�¤&Eã�vk�(�"��`²�´§�,ùp\

\
N\>§�Ï�³¼êvkUC§¤±n�z��VÇã��VÇã´

�d�"d�&Eã¤L«�éÜVÇ©ÙXeª¤«:

p(x)=
1
Z

ψA,B,C(A,B,C)ψB,C,D(B,C,D)ψD,E,H(D,E,H)ψE,G,H(E,G,H)ψE,F,G(E,F,G)

B,C D

E

H

F

G

Fig. 6.22 Ã�ã�&E6ã§Ù¥z�Clique{z�&E6ã¥�&E!:§Clique�m

���CþL«�&E6ã�>ë�"

���¹e§ÏLþãMoralizationÚn�z§·�¬����ä(��

&E6ã§¡�éÜä§Äud�A^c¡?ØL�\Ú-¦È�{?1í
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B,C D E,H E,G

Fig. 6.23 n�z�Ã�ã�&E6ã¥y��óª(�"

Fig. 6.24 Junction Treeþ�Sum-Product �{"dC�D�&Eþd¤kC��Ø!:£Ø

�D¤D4L5�&EþO���"

n"Úþ�!?Ø�{üä(�ØÓ§y3z�ä!:Ø´��Cþ§´

eZCþ|¤�8Ü§!:�!:m���þ��Ukõ�"Ïd§�?1

488��§z�!:�ÙI!:½,�f!:D4�&Eþ�U´õ�

��Cþ�¼ê"Xã 6.24¤«�ÛÜ(�§·��O�lClique C�Clique

D�&E§I�éClique C ¥¤kØ�¹3C∩D¥�Cþ�>�z§��

±C∩D�Cþ�&Eþ¼ê§Xeª¤«µ

mC→D(C∩D) = ∑
C−C∩D

ψC(C)mA→C(xC∩A)mB→C(xC∩B).

þª�¤����Ï^/ª�µ
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mC→C′(C∩C′) = ∑
C−C∩C′

ψC(C) ∏
C′′∈{N(C)−C′}

mC′′→C(xC∩C′′).

Ú{üä(�e�\Ú-¦È�{aq§·�Äkl�f!:��!:48

8�§2l�!:��O���f!:D4�&Eþ"�ùü����&E

þO��¤�§=�O�?¿��!:¥¤�)Cþ�>�VÇ:

P(C) = ∏
C′∈N(C)

mC′→C(C∩C′).

6.7 Cqín�{

Junction Tree�{éu{ü�.�±¢yk�ín§���.'�E,

�§O�E,Ýò:ìJp"�´E,�ä�ä(���E,§O�þ�&

E!:ê�5O�¶�î�´§E,�ä��éÜVÇ��©)5eü§

éA�)éõ�¹�þCþ�Clique"ù

��CliqueÃ{|^Ä�5y

�{{zO�§¬�5ã��O�m�"~X3lÑCþ�¹e§éÜä�

{�O�E,Ý���Clique¥�Cþ�ê¥�êO� [6]"�!ò0�ü«

Cqín�{§�«Äuæ�5�O©Ù§¡�æ�{¶,�«�{^{ü

VÇ©Ù5Cq¢S©Ù§¡�C©{"ùü«�{Ñ�4�Jpín�

Ç§�,ù
ín´Ø°(�§�3éõ¢S¯K¥®²v

"

6.7.1 æææ���{{{

ØØ´k�ã�.�´Ã�ã�.§Ñ´�«)¤�.§ù¿�X�½

�.ëê§=�l�.¥æ�Ñ�X�ÕáÓ©Ù��§T��ÎÜT�.

¤�L�éÜVÇ©Ù"k
éÜVÇ©Ù§=���±æ�L«�>�©

ÙÚ��©Ù"éu>�©Ù§�I3z�æ�:¥�Ñ@
Ø'%�C

þ§��38I>þ¶éu^�©Ù§�I¿K@
ØÎÜ¤�^��æ�

:"

,§ù«{üæ��{Ï~´Ø�1�"Äk§éuk�ã§æ�'

�N´§�éÃ�ã§æ�Ï~'�(J¶1�§=B�±��k�æ�:§

{üæ�{�Ç�é$§3�O>�VÇ©Ù���©Ñ�ú§3�O^�
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VÇ©Ù��þ����ï"�«~^�p�æ��{´ê��Åó-�A

kâ�{£Markov Chain Monte Carlo, MCMC¤"

ê��Åó-�Akâ

s1 s2

s4
s5

s3

s8

s7

s6

s9

s10

initial state

final state

T(s1,s3)

Fig. 6.25 ê��Åó§z^ë�G�SiÚS j�>éA��a=VÇT (Si,S j) = P(S j|Si)"

MCMC´�«p��æ��{§ÙÄ�g´´�O��ê��Åó§¦

Ùz��G��L8IVÇ©Ù���k�æ��"�Tê��Åó$1Ã

���m�§XJ����3¤kG�þ�½©Ù�T©Ù�u8IVÇ

©Ù§KÏL$1T�ê�Åó=���8IVÇ�æ�"éAã�.§T

ê��Åó���G�éAuã¥¤k!:z = {zi}��«�U��"
·�Äk½Âê��Åó¤�L�½VÇ©Ù"�,�ê��Åó�

=£VÇ�µ

T (zt ,zt+1) = p(zt+1|zt),

Ù¥zt´��lÑCþ§�Lê��Åó3t���G�"�ê��Åb�§

t +1���VÇ©Ùdt���VÇ©ÙO���µ

p(zt+1) = ∑
zt

p(zt+1|zt)p(zt).

w,§���ê��Åó$1�½G��§7,kz�©Ù�±ØC§

=µ
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p∗(z) = ∑
z′

T (z′,z)p∗(z′),

Ù¥p∗(z)¡�Tê��Åó�½©Ù"XJ·�U�OÑ��ê��Å

ó§¦Ù½©Ùp∗(z)TÐ´·��æ��8IVÇ©Ù§KÏLÃ�$1

Tê��Åó=��¤æ�?Ö"5¿��ê��Åó�UéAõ�½©

Ù§��§äk��H{á5�£Ergodic¤§KTê��Åó�k��½

©Ù§�ØØå©G�XÛ§$1Tê��ÅóÑ¬Âñ�T½©Ù"¤

¢��H{5§´�l?Ûå©G�Ñu§ê��Åó�¤kG��VÇÑ

�u""

XJ·��4p(z)����ê��Åó�½©Ù§K�ÀJê��Å

ó�a=VÇ÷vXe^�µ

p(z)T (z,z′) = p(z′)T (z′,z),

þª¡�[!²ï^�£Detailed Balance Condition¤"�÷vù�^��§

kµ

∑
z′

p(z′)T (z′,z) = ∑
z′

p(z)T (z,z′) = p(z)∑
z′

p(z′|z) = p(z),

Ïdp(z)´Tê��Åó�½©Ù"��äkG�H{á5§�÷v[!

²ï^��ê��Åó§ØØl=�G�Ñu§7,Âñ�T[!²ï^�

¤éA�½VÇ©Ù"þã^ê��Åó5�L8IVÇ��{¡�ê�

�Åó-�Akâ�{£MCMC¤"

e¡·��Ñ��¢yMCMC�æ��{"·��8�´�O��ê

��Åó§¦Ù½©Ù�,�8IVÇp(z)"·�òb�p(z)d��ã�

.�L"ék�ã§?Û���½�z§·��±éN´�Tk�ã¤�L

�éÜVÇO�p(z)¶éÃ�ã§du8�zÏfZÏ~éJ��§��O

�p(z)�3(J§��8�zVÇ� p̃(z) = Zp(z)éN´dã¥Clique�³¼

ê��"·�ò±p̃(z)�O��b�?1?Ø§k�ã�±@�´Z = 1�A

Ï�¹"

�O?¿��‘ïÆ©Ù’(Proposal Distribution) q(z|z′)§ù�©Ùäkv

{ü�/ª§¦��½z′§�¢yéz�æ�"·�òq(z|z′)��G�=£
VÇT (z′,z)�O��ê��Åó"$1Tê��Åó§�����æ�S

�z1,z2, ..."�8c��§ù�ê��ÅóÚ·��8I©Ùp(z)vk?Û'

X"y3·�Ú\��æ��É/áýÅ�§=zg�q(z|z′)?1æ��§Ø
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¬é��������É§´±�½VÇ�É§T�ÉVÇ�¹8IV

Çp(z)£î�5`§´�8�zVÇ p̃(z)¤§½ÂXeµ

A(z′,z) = min(1,
p̃(z)q(z′|z)
p̃(z′)q(z|z′)

).

XJ��æ�vk��É§K�kG�z′�ÑÑ¤��#�æ�:"ù�ò

)¤��#�ê��Åó§Ùa=VÇ�T (z′,z) = q(z|z′)A(z′,z)"{üO�
��µ

p(z′)q(z|z′)A(z′,z) = p(z′)q(z|z′)min(1,
p̃(z)q(z′|z)
p̃(z′)q(z|z′)

) (6.21)

= min(p(z′)q(z|z′), p(z)q(z′|z)) (6.22)

p(z)q(z′|z)A(z,z′) = p(z)q(z′|z)min(1,
p̃(z′)q(z|z′)
p̃(z)q(z′|z)

) (6.23)

= min(p(z)q(z′|z), p(z′)q(z|z′)) (6.24)

Ïkµ

p(z)q(z′|z)A(z,z′) = p(z′)q(z|z′)A(z′,z),

=µ

p(z)T (z,z′) = p(z′)T (z′,z).

ùL²Tê��Åó÷v±p(z)�VÇ�[!²ï^�§Ïp(z)´Ù½

©Ù"Ó�§·��±ÀJÜ·�a=VÇq(z|z′)§¦�Tê��Åóäk
��H{5§ÏØ+Ð©G�XÛ§Ñ¬Âñ�p(z)"ù�æ��{¡

�Metropolis-Hastingsæ� [8]"

Gibsæ�

Metropolis-Hastingsæ��,¬�ï�
æ�:§�5�Çeü"Gibsæ

�´�«AÏ/ª�Metroplis-Hastings§ù«æ�¬�3¤kæ�:§¢y

å5��N´"

ä�5`§Metroplis-Hastings3z�gæ��§¬�q(z|z′)æ����
���z§2±A(z,z′)�VÇ�3æ�:"Gibsæ��§z�Ú=é1i�C
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þ�Å��§�±Ù{CþØC§=���#æ�:z¥§kz′−i = z−i§

Ù¥z−i�LØi	¤kCþ�æ��"3ézi?1�Å���§Äu^�V

Çp(zi|z−i)§Ù¥p(z)´·��æ��8IVÇ©Ù"ù�æ�{¡�Gibsæ

�"w,§3Gibsæ�¥§ê��Åó�a=VÇ�:

T (z′,z) = p(z|z′) = p(zi|z′−i),

æ�:z�éÜVÇ�µ

p(z) = p(zi|z−i)p(z−i).

�\Metropolis-Hastings�æ�ÀJúª§kµ

A(z′,z) = min(1,
p̃(z)q(z′|z)
p̃(z′)q(z|z′)

)

= min(1,
p(zi|z−i)p(z−i)p(z′i|z−i)

p(z′i|z′−i)p(z′−i)p(zi|z′−i)

= 1,

Ù¥·�A^
'Xz−i = z′−i"

Ïd§Gibsæ��±@�´�«¤kæ�Ñ¬��É�Metropolis-

Hastingsæ�§Ù½©Ù�p(z)"5¿�´§Gibsæ�z�ÚI�O

�p(zi|z−i)"éu��ã�.5`§ù´�é{ü�?Ö§�Ié�Úzi�'

�¤kCþ¿�Ñ§��m�^�VÇ'X=�"3Ã�ã�.¥§�'C

þ�±lÚzi���ë�Cþ��¶k�ã�.��E,§�'Cþ�)zi

�¤kI!:§¤kf!:§±9¤kf!:�I!:"�zi�'�¤kC

þ8Ü¡�zi�ê��Å#£Markov Blanket¤"ã 6.26�ÑÃ�ãÚk�ã

¥ê��Å#�~f"3O�^�VÇp(zi|z−i)�§=I�Äê��Å#¥

�Cþ§4�{z
O�E,Ý"3¢S¢y�§zi�±U^SÌ�ÀJ§

��±�ÅÀJ",	§Gibsæ������mäkér��'5§�¢y

ÕáÓ©Ùæ�§�±ÀJz�eZgæ��3����"
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(a) (b)

Fig. 6.26 3Gibsæ�¥§Ã�ã£a¤Úk�ã£b¤�Markov Blanket"xÚ���L8

ICþ§/Ú���L*ÿCþ§Ù¥7Ú���LÚ8ICþ�'�Cþ§I�3^�

VÇ¥�Ä§�Ú���LÚ8ICþÃ'�Cþ§3^�VÇ¥Ø��Ä"

Äuæ��Cqín

�½��ã�.§·��±|^Gibsæ��¤�X�ín?Ö§�)¦

éÜVÇp(z)§>�VÇp(zA)Ú��VÇp(zA|zB)§Ù¥zAÚzB´z�ü�f

8"

• éÜVÇp(z)"éuk�ã§p(z)�±��dCþ�k�VÇÚCþ�m

�^�VÇ��¶éÃ�ã§du8�zÏfZéJ�O§p(z)�O¿Ø

�*"ÄuGibsæ�)¤p(z)��X�æ�{z(l)}§K�deªdp(z):

p(z) = ∑
z′

p(z|z′)p(z′)≈
L

∑
l=1

T (z(l),z).

• >�VÇp(zA)"ÄuGibsæ�)¤p(z)��X�æ�{z(l)}§�Ñz�æ�
¥Ø3zA¥�Cþ§2|^þã¦éÜVÇ��{O�p(zA)"

• ^�VÇp(zA|zB)"3Gibsæ��§�½zB¥�Cþ��½�§é�{Cþ

Ì�æ�§���X�æ�{z(l)}§�ÑØ3zA¥�Cþ§2|^¦éÜV

Ç��{O�p(zA|zB)"

¯¢þ§3éõA^¥þãVÇ�(��¿Ø�§���´Ä

uù
VÇ�ÚOþ"~X3��dýÿ¥§·�¿Ø'%�.ëêw�

��VÇp(w|D)§´Äup(w|D)éýÿVÇp(t|x,w)�Ï"§Ïd���
^p(w|D)�æ�:¢y�Oµ
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p(t|x;D) =
∫

p(t|x,w)p(w|D) (6.25)

≈ 1
L

L

∑
l=1

p(t|x,w(l)), (6.26)

Ù¥{w(l)}���VÇp(w|D)�L�æ�:£D�Ôöêâ¤"

aq�§3.Ê.dCq¥§·�é��VÇ©Ù^pd©ÙCq§ù

�=I���VÇ���� �Ú©Ù���"ÏLé��VÇ?1Gibsæ

�§���X�æ�:§=�é��� �Ú���Cq�O"

3EM�{¥§¦q,¼ê�Ï"´��Ú§=µ

L̃(θ) = ∑
n

{
∑
z

{
p(z|x(n);θ

′) ln p(z,x(n);θ)
}
+H(p(z|x(n);θ

′))

}
,

Ù¥H´p(z|x;θ ′)��§�θÃ'"þª�±ÏLeZp(z|x;θ ′)�æ�:?1

Cqµ

L̃(θ) = ∑
n

{
1
L ∑

l
ln p(zl ,x(n);θ)+H(p(z|x(n);θ

′))

}
,

Ù¥{zl}´L�æ�:"

6.7.2 CCC©©©{{{

,�«Cqín�g´´^�{ü�VÇ©ÙCq�E,8IVÇ©

Ù§l{zínL§"Úæ�{�'§C©{�Ç�p§�Ï�æ^{ü

¼ê§k�U¬Ø���"�
¦þ~�Ø�§·�¦�UÀJ�|v
´

L�VÇ©Ù¼ê§¿l¥ÀJCqØ������"¦�`¼ê´¦¼ê

�`��:�*Ð§¡�C©{£Variational¤"

�ã�.½Â
��VÇ©Ù¼êp(x,z)§Ù¥x´*	Cþ§z´Ûõ

Cþ"�½x��|ÕáÓ©Ù�*ÿ�X = {x(1),x(2), ...,x(N)}§éA�Û
Cþ�Z = {z(1),z(2), ...,z(N)}§ín�8I´¦��VÇp(Z|X)±9>�V

Çp(X)"

ÚEM�{aq§·��±òP(X)?1©)Xeµ

ln p(X) = L̃(q)+KL(q||p),
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Ù¥

L̃(q) = ∑
Z

q(Z) ln
p(X ,Z)

q(Z)
, (6.27)

KL(q||p) =−∑
Z

q(Z) ln
p(Z|X)

q(Z)
, (6.28)

Ù¥L̃(q)´�e.¼ê§ØÓ�qéAØÓ�e.¼ê"w,§�Ð�q´

dP(X ,Z) �Ñ���VÇp(Z|X)§�y3·�b�ù�¼êØ�¦)§

ÏdI�b½��v
(¹�¼ê8§3T¼ê8¥é��`�q§¦

Ùq̃��½KL(q(Z)||p(Z|X))��"5¿§¦KL(q(Z)||p(Z|X))���qÓ�

¦KL(q(Z)||p(X ,Z))��"

�¦T`z¼êq§�«�{´ÀJ��±θ�ëê�¼êxq(Z;θ)§Ï

L`zθ5ÀJ�p(Z|X)�Klål�C�¼ê",�«�{´éq��½b

½§¿ÄuTb����`q"��~^b�´q(Z)�©) [12, 10]§ù½Â


���~2��¼êx§��yv
�(¹5§Ïd�2�¦^"

Äu�©)VÇ¼ê�C©{

�q(Z)äkXeÏª©)/ªµ

q(Z) =
M

∏
i=1

qi(Zi),

Ù¥Z1,Z2, ...,ZM�M�ÛCþ8"5¿§ùp·�¿vk½Âq(Z)�äN/

ª§Ïd¤k�©)�VÇ¼êÑ´�À¼ê"òþãq(Z)�\L̃(q)§¿

òqi(Zi)�¤qi§k:

L̃(q) = ∑
Z

∏
i

qi{ln p(X ,Z)− ln∏
k

qk}

= ∑
Z j

q j ∑
Zi 6= j

∏
i 6= j

qiln(X ,Z)−∑
Z

q∑
k

lnqk

= ∑
Z j

q j ln p̃(X ,Z j)− const−∑
k

∑
Zk

qk lnqk

= ∑
Z j

q j ln p̃(X ,Z j)− const−∑
Z j

q j lnq j−∑
k 6= j

∑
Zk

qk lnqk.

Ù¥:
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ln p̃(X ,Z j) = ∑
Zi6= j

∏
i6= j

qi ln(X ,Z)+ const = Ei 6= j[ln p(X ,Z)]+ const,

=ln(X ,Z)éØ3Z j¥�¤kÛCþ�Ï""5¿§þ¡í�¥\\��Ø

Cþ´�
¦ p̃(X ,Z j)´��8�z�VÇ"y3·��±¤k{qi 6= j}ØC§
éq j?1`z§=Ïéq j§¦�eª��zµ

L̃(q j) = ∑
Z j

q j ln p̃(X ,Z j)−∑
Z j

q j lnq j +F(qi6= j)− const

Ù¥F(qi6= j)−const´�q jÃ'�þ"5¿�þªmýcü��Ð´q j�p̃(X ,Z j)�KLå

l�K�§Ïd�q j� p̃(X ,Z j)�L̃(q)��z§d�kµ

lnq∗j = ln p̃(X ,Z j) = Ei6= j[ln p(X ,Z)]+ const. (6.29)

Ïkµ

q∗j(Z j) =
exp(Ei 6= j[ln p(X ,Z)])

∑Z j exp(Ei 6= j[ln p(X ,Z)])
.

þãí�L§�Ñ��éq�S�¦)�{µòq©)¤M�Ïfq j§éz

�q jÌ�`z¶3`z,�q j�§|^Ù§Ïfqi6= j�&E¦ln(X ,Z)éZi 6= j�

Ï""�±y² [7]§ù�L§S�?1§òÂñ�¦e.¼êL̃(q)���`

�q∗"

c[�	þãí�L§§�±w�ª£6.29¤¯¢þ5uéKL(q(Z)|p(X ,Z))�

��z£ª6.27¤"�X�½�§ù�duéKL(q(Z)|p(Z|X))���z"XJ

vk*	CþX§KéKL(q(Z)|p(Z))���zÓ����/Xª(6.29)�)§

=µ

lnq∗j(Z j) = ln p̃(Z j) = Ei6= j[ln p(Z)]+ const.

Ïdª(6.29)¯¢þ´±KL(q|p)���z�8I§^�©)VÇ¼êqCq

8I¼êp�Ä:úª",�«~^�Cq`z8I�KL(p|q)§T�{¡
�Expectation Propagation [18]"

ÄuC©{�Bayes�5£8

�
4ÖöéC©{k��ß�
)§·�±Bayes�5£8�.�~

?ØC©{�A^"3��d�5£8�.¥§òz�Ñ\x(n)ÚÑÑt(n)Ñ

��k�ã�.¥�Cþ§¿kµ



6.7 Cqín�{ lxv

p(t(n)|w) = N(t(n)|wT x(n),β−1),

Ù¥ëêw´���ÅCþ§½Â�µ

p(w) = N(w|0,α−1I).

,b�α�÷vGmma©Ù§/ªzXeµ

p(a) = Gam(a|a0,b0),

Ù¥a0Úb0´Gamma©Ù�ëê"²þã½Â�VÇ�.�L¤«Xã

6.27¤«�k�ã"

N

w

t

Fig. 6.27 �5£8�.�k�VÇãL«"

þãã�.�éÜVÇkXe/ªµ

p({x(n)},{t(n)},w,α) =
N

∏
n=1

p(tn|x(n),w)p(w|α)p(α).

þª¥§·�b½X = {x(n)}´(�*	�§Øäk�Å5"y3·��8I
´¦��VÇp(w,α|t)§Ù¥t = {t(1), t(2), ..., t(N)}"��©)�qXeµ

q(w,α) = q(w)q(α).
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Äuúª£6.29¤¦q∗(α)§kµ

lnq∗(α) = ln p(α)+Ew∼q∗(w)[ln p(w|α)]+ const (6.30)

= (α0−1) lnα−b0α +
M
2

lnα− α

2
E[wT w]+ const, (6.31)

Ù¥M�w��Ý"þª`²α¯¢þ´��Gamma©Ùµ

q∗(α) = Gam(α|aN ,bN),

Ù¥,

aN = a0 +
M
2
,

bN = b0 +
1
2

E[wT w].

aq/§A^úª£6.29¤¦q∗(w)§kµ

lnq∗(w) = ln p(t|w)+Eα∼q∗(α)[ln p(w|α)]+ const (6.32)

= −β

2

N

∑
n=1
{wT x(n)− tn}2− 1

2
Eα∼q∗(α)[α]wT w+ const (6.33)

= −1
2

wT (Eα∼q∗(α)[α]I +βXXT )w+βwT Xt + const. (6.34)

duþª´w��g.§Ïdq∗(w)ÎÜpd©Ùµ

q∗(w) = N(w|mN ,SN),

Ù¥:

mN = βSNXt

SN = (E[α]I +βXXT )−1.

5¿§3q∗(α)¥§·�I�¦E[wT w]§3q∗(w)¥§·�I�¦E[α]"Ä

uGamma©ÙÚpd©ÙA5§N´�yµ

E[α] = aN/bN ,

E[wT w] = mNmT
N +SN .
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þãí�L§½Â
��S�`z�{§d���Å�Ð©�E[α]ÚE[wT w]m

©§�O�#q(α)Úq(w)§z�gS�Ñ�y���Ð�e.¼êL̃(q)"�

Âñ�§�½��#�Ñ\x′§Ùýÿ©Ù�µ

p(t ′|x′, t) =
∫

p(t|x′,w)p(w|t)dw

=
∫

p(t|x′,w)q(w)dw

=
∫

N(t|wT x′,β−1)N(w|mN ,SN)dw

= N(t|mT
Nx′,

1
β
+ x′T SNx′).

��§Týÿ¼ê´��pd©Ù§ét ′ýÿ�Ï"��mT
Nx′§ùÚα���

½ëê���d�5£8���)´���§�Ú\α��Å5UC
SN�

��§ÏOr
�.éE,êâ�£ãUå"

C©{A^uVÇã�.

·��±òC©{A^u?ÛVÇã�."±k�ã�.�~§ÙéÜ

VÇ©Ù�L«Xeµ

p(x) = ∏
i

p(xi|pai),

Ù¥xiL«1i�!:L«�Cþ§pai´T!:�¤kI!¤�L�Cþ"·

��±�OXeCqVÇ©Ùµ

q(x) = ∏
i

qi(xi),

Ù¥z�qiéA��Cþ"A^C©úª£6.29¤§�±��µ

lnq∗(x j) = Ei6= j[∑
i

ln p(xi|pai)]+ const.

I�5¿�´§þªmý²L�Ï"�§ò=�)Úx j�'��§ù
�

½ö±x j�Cþ§½ö±x j�^�§�A��¥ò�)Úx j�'�¤k!:§

=x j�Markov Blanket"��§ÄuC©{§·��IO�ãþÛÜ'X§Ï

�4�~�O�þ"
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6.7.3 æææ���{{{ÚÚÚCCC©©©{{{'''���

æ�{ÚC©{��ü«Cqín�{§3VÇã�.¥äk�¿

Â"ùü«�{�k`:Ú"�"oN5`§C©{�Ç�p£�,E,I

�S�O�¤§�I�í�Cq¼ê�S�úª§XJ8IVÇ'�E,§

í�ò'�(J¶æ�{¢y{ü£Gibsæ��I�ÄÛÜ^�VÇ=�¤§

��ÇÏ~�$"C©{�Âñ°Ý�ûuCq¼ê��O§S�gê2õ

�Ã{%Cý¢VÇ©Ù¶æ�{�Âñ°Ý�ûuæ�õ�§��æ�v


õ§�Ã��Cý¢VÇ©Ù"

6.8 �Ù�(

�Ù·�?Ø
VÇã�."·�lã�.�Ä�Vgm©§0�
k

�VÇã�.ÚÃ�VÇã�.�L«�{!VÇ¿ÂÚ�'5�ä"Äu

ù
Ä:½Â§·�0�
A«;.�k�ãÚÃ�ã�.§AO´0�


pd·Ü�.!Ûê��Å�.Ú^��Å|§ÏLù
�.�ëê�O�

{§·�o(Ñã�.�Ï^ëê�O�{§=Í¶�EM�{"3ù��

{¥§·�éëê?1S��O§3zgS��§ÄkÄu�cëêO�Û

Cþ���VÇ§2ÄuT��VÇO�q,¼ê�Ï"§éTÏ"?1`

z=��#�ëê�O"EM�{Âñ�q,¼ê�ÛÜ�`)"

ín´�Äu�½ã�.é¯¢?1eZíä§�)ÛõCþ���V

ÇÚ,
Cþ�>�VÇ"·�Äk0�
°(ín�{§�)·^uä

(��\Ú-¦È�{9ù��{3Ï^ã�.þ�*Ð§=Junction-Tree�

{"ù
�{�*þ�±@�´VÇ&E3!:m�6Ä§ù�g´�±4

·�3E,�.þ�N´/�Oín�{"

�,Junction-Tree�{�±A^uÏ^VÇã�.§��!:ê�õ§

AO´��Clique�!:ê�õ�§O�þò:ìO\§¦�ínC�Ø�

�¤"·�?Ø
ü«Cqín�{§�«^æ�:5�[¢SVÇ©Ù§

,�«^{üVÇ©Ù5Cqý¢VÇ©Ù¶cö¡�æ�{§�ö¡�C

©{"3æ�{¥§·�AO0�
MCMC�{§^��ê��Åó5�L

8IVÇ©Ù¶MCMC�{�A~§Gibsæ�{?�Ú{z
æ�L§"C

©{�æ^õ«Cq¼ê§·�AO0�
Äu�©)VÇ¼ê�C©�

{§ù��{Jø
�«3Ï^ã�.þ�Cqín�{§ò,�Cþ8þ
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���VÇ½>�VÇ�O¤éT8Ü¥¤kCþ��©)¼ê§¿éù


Ïf¼ê?1S�`z"ù
ín�{(Ü�EMµe¥§Jø
�@��

��.Ôö�{"

VÇã�.´�«¢yE,ín�Ä:µe§ù�µe�NB�þ+�

�£§��¿©|^êâ]§Ïdäkr��L�ÚÆSUå§·�F~

^��éõ�.Ñáuù«�."Cc5§du�ÝÆS�,å§ïÄöé

 ²�.�,��ÌJp§VÇã�.�uÐk¤¢�§�ù��{�,ä

kÙØ�O��`³§AO´3êâþk�½êâ'XE,�A^|µ¥§

VÇã�.�,´�Ð�ÀJ",��¡§ ²�.Úã�.�(Ü�´7

,ª³§X·�c¡0�L�VAE�. [15]"oNþw§ ²�.éu�(

�êâäkér�ÆSUå§Xa�?Ö¶VÇã�.�·Ü?n(�ê

â§Xín?Ö"

6.9 �']

• �Ùë�
Bishop�5Pattern Recognition and Machine Learning6�Ö�

18Ù§19Ù§110Ù§111Ù"

• �ÙÜ©SNë�
Daphne Koller�Í�5Probabilistic graphical models:

principles and techniques6"

• �ÙÜ©SNë�
Eric Xing��§ùÂ1"

• 'uGraphical model�õ�£�ë��']� [13, 12, 23, 11, 20, 19]"

1 http://www.cs.cmu.edu/ epxing/Class/10708/
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